
1 Ñðàâíåíèå ôóíêöèé

Ïóñòü ôóíêöèÿ g(x) íå îáðàùàåòñÿ â íîëü â íåêîòîðîé ïðîêîëîòîé îêðåñòíîñòè
òî÷êè x0.

Åñëè lim
x→x0

f(x)
g(x)

= 1, òî ãîâîðÿò, ÷òî ôóíêöèÿ f(x) ýêâèâàëåíòíà ôóíêöèè g(x)

ïðè x→ x0 è ïèøóò f(x) ∼ g(x), x→ x0.

Åñëè lim
x→x0

f(x)
g(x)

= 0, òî ãîâîðÿò, ÷òî ôóíêöèÿ f(x) åñòü o-ìàëîå îò ôóíêöèè g(x)

ïðè x→ x0 è ïèøóò f(x) = o(g(x)), x→ x0.
Çàìå÷àíèå. Ôîðìóëó f(x) = o(g(x)) íå ñëåäóåò ïîíèìàòü êàê ðàâåíñòâî â

îáû÷íîì ñìûñëå. Âûðàæåíèå o(g(x)) ñëåäóåò ïîíèìàòü êàê êëàññ âñåõ òàêèõ ôóíêöèé

f̃(x), ÷òî lim
x→x0

f̃(x)
g(x)

= 0, à çíàê ðàâåíñòâà ñëåäóåò ïîíèìàòü êàê óòâåðæäåíèå î òîì, ÷òî

ôóíêöèÿ f(x) ïðèíàäëåæèò ýòîìó êëàññó. Ýòó ôîðìóëó ñëåäóåò ÷èòàòü òîëüêî ñëåâà
íàïðàâî. Â ÷àñòíîñòè èç òîãî, ÷òî f1(x) = o(g(x)), x → x0 è f2(x) = o(g(x)), x → x0

íå ñëåäóåò, ÷òî f1(x) = f2(x).
Ïðèìåðû:
x = o(x2), x→∞, ïîñêîëüêó lim

x→∞
x
x2

= 0.

x2 = o(x), x→ 0, ïîñêîëüêó lim
x→0

x2

x
= 0.

Ïóñòü â ëåâîé ÷àñòè ðàâåíñòâà çàïèñü âèäà o(f) îáîçíà÷àåò êîíêðåòíîãî ïðåä-
ñòàâèòåëÿ êëàññà o(f), x → x0, C 6= 0 � ïîñòîÿííàÿ. Òîãäà èìåþò ìåñòî ñëåäóþùèå
ôîðìóëû:

o(Cf) = o(f)

C · o(f) = o(f)

o(f) + o(f) = o(f)

o(o(f)) = o(f)

o(f + o(f)) = o(f)

o(f) · o(g) = o(fg)

fn−1o(f) = o(fn)

o(fn)

f
= o(fn−1), åñëè ∀x ∈ U̇δ(x0) f(x) 6= 0

(o(f))α = o(fα), α > 0

Çàìå÷àíèå.Ïðèâåäåíííûå ôîðìóëû ñëåäóåò ÷èòàòü òîëüêî ñëåâà íàïðàâî ó÷è-
òûâàÿ, ÷òî â ëåâûõ ÷àñòÿõ óêàçàí êîíêðåòíûé ïðåäñòàâèòåëü êëàññà, à â ïðàâûõ -
êëàññ ôóíêöèé. Íåêîòîðûå èç óêàçàííûõ ôîðìóë íåâåðíû ïðè èñïîëüçîâàíèè èõ
ñïðàâà íàëåâî.

2 Ïðîèçâîäíàÿ

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè òî÷êè x0, òîãäà ïðî-
èçâîäíîé ôóíêöèè f(x) â òî÷êå x0 íàçûâàåòñÿ ïðåäåë

f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

,
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åñëè ýòîò ïðåäåë ñóùåñòâóåò. Ïðîèçâîäíàÿ ôóíêöèè f(x) îáîçíà÷àåòñÿ ñèìâî-

ëàìè f ′(x), ∂f(x)
∂x

èëè fx(x).
Ââåäåì îáîçíà÷åíèÿ: ∆x = x − x0, ∆f = f(x) − f(x0). Òîãäà îïðåäåëåíèå

ïðîèçâîäíîé ìîæíî çàïèñàòü â âèäå f ′(x0) = lim
∆x→0

∆f
∆x
.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(x) èìååò ïðîèçâîäíóþ â òî÷êå x0, òîãäà îíà
íåïðåðûâíà â òî÷êå x0.

�Åñëè ôóíêöèÿ f(x) èìååò ïðîèçâîäíóþ â òî÷êå x0, òî îíà îïðåäåëåíà â

íåêîòîðîé îêðåñòíîñòè òî÷êè x0, è lim
x→x0

f(x) − f(x0) = lim
x→x0

f(x)−f(x0)
x−x0 (x − x0) =

lim
x→x0

f(x)−f(x0)
x−x0 · lim

x→x0
(x − x0) = f ′(x0) · 0 = 0. Ñëåäîâàòåëüíî, lim

x→x0
f(x) = f(x0), òî

åñòü ôóíêöèÿ íåïðåðûâíà â òî÷êå x0.�
Òåîðåìà 2. Ôóíêöèÿ f(x) èìååò ïðîèçâîäíóþ â òî÷êå x0 òîãäà è òîëüêî òîãäà,

êîãäà ñóùåñòâóåò òàêîå ÷èñëî A, ÷òî ∆f = A(∆x) + o(∆x) ïðè ∆x→ 0.
�Ïóñòü f(x) èìååò ïðîèçâîäíóþ â òî÷êå x0, òîãäà îáîçíà÷èì r(∆x) = f(x0 +

∆x) − f(x0) − f ′(x0)∆x. Òîãäà lim
∆x→0

r(∆x)
∆x

= lim
∆x→0

(
∆f
∆x
− f ′(x0)

)
= 0, òî åñòü r(∆x) =

o(∆x). Çíà÷èò ∆f = A(∆x) + o(∆x).

Ïóñòü ∆f = A(∆x) + o(∆x). Òîãäà lim
∆x→0

∆f
∆x

= lim
∆x→0

A(∆x)+o(∆x)
∆x

= A + 0 = A,

çíà÷èò ôóíêöèÿ f èìååò ïðîèçâîäíóþ â òî÷êå x0, ïðè÷åì f ′(x0) = A.�
Ïðèìåð 1. Íàéòè ïðîèçâîäíóþ ôóíêöèè f(x) = xn.
�Ïî îïðåäåëåíèþ ïðîèçâîäíîé,

f ′(x0) = lim
∆x→0

(x0 + ∆x)n − xn0
∆x

= lim
∆x→0

(
xn0 + n∆xxn−1

0 + ∆x2(. . .)
)
− xn0

∆x
.

Â ïîñëåäíåì âûðàæåíèè îáúåäåíåíû âñå ñëàãàåìûå, êîòîðûå ñîäåðæàò ∆x â
ñòåïåíè áîëüøåé, ÷åì 1. Ñîêðàòèì íà ∆x:

f ′(x0) = lim
∆x→0

(nxn−1
0 + ∆x(. . .)).

Âûðàæåíèå â ñêîáêàõ åñòü ìíîãî÷ëåí îò x0 è ∆x - îãðàíè÷åííàÿ â îêðåñòíîñòè
x0 ôóíêöèÿ. ∆x→ 0, ïîýòîìó ∆x(. . .)→ 0. Çíà÷èò f ′(x0) = nxn−1

0 .�
Ïðîèçâîäíûå îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé:
c′ = 0, c = const;
(xα)′ = αxα−1, α ∈ R;
(ax)′ = ax ln a, (ex)′ = ex;
(loga x)′ = 1

x ln a
, (lnx)′ = 1

x
;

(sinx)′ = cosx;
(cosx)′ = − sinx;
(tg x)′ = 1

cos2 x
;

(arcsinx)′ = 1√
1−x2 ;

(arctanx)′ = 1
1+x2

;
(shx)′ = chx;
(chx)′ = shx.
Òåîðåìà 3. Ïóñòü ôóíêöèè f è g äèôôåðåíöèðóåìû â òî÷êå x0, òîãäà â ýòîé

òî÷êå äèôôåðåíöèðóåìû ôóíêöèè f + g, fg è, åñëè g(x0) 6= 0, ôóíêöèÿ f
g
, ïðè÷åì

(f + g)′(x0) = f ′(x0) + g′(x0);
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(fg)′(x0) = f ′(x0)g(x0) + f(x0)g′(x0);(
f

g

)′
(x0) =

f(x0)′g(x0)− f(x0)g′(x0)

g2(x0)
.

Òåîðåìà 4. Ïóñòü f : X → R è g : Y → R, ãäå X, Y ⊂ R è f(X) ⊂ Y è ïóñòü
f äèôôåðåíöèðóåìà â òî÷êå x0, à g äèôôåðåíöèðóåìà â òî÷êå y0 = f(x0), òîãäà
êîìïîçèöèÿ g ◦ f : X → R äèôôåðåíöèðóåìà â òî÷êå x0 è

(g ◦ f)′(x0) = g′(y0)f ′(x0).

Ïðèìåð 2. Íàéòè ïðîèçâîäíóþ ôóíêöèè f(x) = xx.
�Ïðåîáðàçóåì âûðàæåíèå: xx = elnxx = ex lnx. Òåïåðü íàäåì ïðîèçâîäíóþ,

ïîëüçóÿñü ïðàâèëàìè äèôôåðåíöèðîâàíèÿ, ñôîðìóëèðîâàííûìè â òåîðåìàõ 3 è 4:
f ′(x) =

(
ex lnx

)′
= ex lnx(x lnx)′ = ex lnx(lnx+ 1).�

Ïðèìåð 3. Èññëåäîâàòü íà äèôôåðåíöèðóåìîñòü ôóíêöèþ

f(x) =

{
x2, x ∈ Q;

0, x /∈ Q.

�Ðàññìîòðèì ôóíêöèþ

g(x) =

{
x, x ∈ Q;

0, x /∈ Q.

Î÷åâèäíî, ÷òî |g(x)| 6 |x|. Âûïèøåì îïðåäåëåíèå òîãî, ÷òî lim
x→0

g(x) = 0: ∀ε >
0∃δ > 0∀x : 0 < |x| < δ ↪→ |g(x)| < ε. Âîçüìåì δ = ε, òîãäà èç 0 < |x| < δ ñëåäóåò
|g(x)| 6 |x| < δ = ε, òî åñòü âûïîëíåíî îïðåäåëåíèå ïðåäåëà. Çíà÷èò, lim

x→0
g(x) = 0.

Ïî îïðåäåëåíèþ ïðîèçâîäíîé, f ′(0) = lim
x→0

f(x)
x

= lim
x→0

g(x) = 0. Çíà÷èò, ôóíêöèÿ f(x)

äèôôåðåíöèðóåìà â òî÷êå x = 0.
Ïðè x 6= 0 ôóíêöèÿ f(x) ðàçðûâíà, à çíà÷èò, íåäèôôåðåíöèðóåìà.�
Ïðèìåð 4. Èññëåäîâàòü íà äèôôåðåíöèðóåìîñòü â òî÷êå x = 0 ôóíêöèþ

f(x) =

{
x sin 1

x
, x 6= 0;

0, x = 0.

�Ïî îïðåäåëåíèþ f ′(0) = lim
x→0

f(x)−f(0)
x

= lim
x→0

sin 1
x
. Ýòîò ïðåäåë íå ñóùåñòâóåò,

ñëåäîâàòåëüíî f(x) íåäèôôåðåíöèðóåìà â òî÷êå x = 0.�
Ïðèìåð 5. Èññëåäîâàòü â òî÷êå x = 0 íà äèôôåðåíöèðóåìîñòü ôóíêöèþ

f(x) =

{
x2 sin 1

x
, x 6= 0;

0, x = 0.

�Ïî îïðåäåëåíèþ f ′(0) = lim
x→0

f(x)−f(0)
x

= lim
x→0

x sin 1
x
. Ôóíêöèÿ x sin 1

x
� áåñêî-

íå÷íî ìàëàÿ, êàê ïðîèçâåäåíèå áåñêîíå÷íî ìàëîé è îãðàíè÷åííîé ôóíêöèé, ïîýòîìó
f ′(0) = lim

x→0
x sin 1

x
= 0. Ñëåäîâàòåëüíî f(x) äèôôåðåíöèðóåìà â òî÷êå x = 0.�
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3 Òåîðåìû î ñðåäíåì

Òåîðåìà 5 (Ôåðìà). Ïóñòü ôóíêöèÿ f îïðåäåëåíà íà U(x0), äèôôåðåíöèðóå-
ìà â òî÷êå x0 è ïðèíèìàåò â ýòîé òî÷êå íàèáîëüøåå èëè íàèìåíüøåå çíà÷åíèå ñðåäè
åå çíà÷åíèé íà U(x0). Òîãäà f ′(x0) = 0.

Òåîðåìà 6 (Ðîëëÿ). Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà [a, b], äèôôåðåíöèðóåìà
íà (a, b) è f(a) = f(b). Òîãäà ∃c ∈ (a, b) : f ′(c) = 0.

Òåîðåìà 7 (Ëàãðàíæà). Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà [a, b] è äèôôåðåí-
öèðóåìà íà (a, b). Òîãäà ∃c ∈ (a, b) : f(b)− f(a) = f ′(c)(b− a).

Òåîðåìà 8 (Êîøè). Ïóñòü ôóíêöèè f, g íåïðåðûâíû íà [a, b], äèôôåðåíöèðó-

åìû íà (a, b) è g′ 6= 0 íà (a, b). Òîãäà ∃c ∈ (a, b) : f(b)−f(a)
g(b)−g(a)

= f ′(c)
g′(c)

.
Îïðåäåëåíèå. Ïóñòü ôóíêöèÿ f îïðåäåëåíà íà ïðîìåæóòêå I.
Ãîâîðÿò, ÷òî ôóíêöèÿ f íåñòðîãî âîçðàñòàåò (ñòðîãî âîçðàñòàåò) íà I, åñëè

∀x, y ∈ I : x < y → f(x) 6 f(y)(∀x, y ∈ I : x < y → f(x) < f(y)).
Ãîâîðÿò, ÷òî ôóíêöèÿ f íåñòðîãî óáûâàåò (ñòðîãî óáûâàåò) íà I, åñëè ∀x, y ∈

I : x < y → f(x) > f(y)(∀x, y ∈ I : x < y → f(x) > f(y)).
Òåîðåìà 9. Ïóñòü ôóíêöèÿ f : I → R íåïðåðûâíà íà ïðîìåæóòêå I è äèôôå-

ðåíöèðóåìà âî âíóòðåííèõ òî÷êàõ I. Òîãäà

1. f íåñòðîãî âîçðàñòàåò íà I ⇔ f ′(x) > 0 âî âñåõ âíóòðåííèõ òî÷êàõ I;

2. f íåñòðîãî óáûâàåò íà I ⇔ f ′(x) 6 0 âî âñåõ âíóòðåííèõ òî÷êàõ I;

3. f ïîñòîÿííà íà I ⇔ f ′(x) = 0 âî âñåõ âíóòðåííèõ òî÷êàõ I.

�Äîêàæåì ïóíêò 1. Ïóñòü f íåñòðîãî âîçðàñòàåò íà I, à x0 � âíóòðåííÿÿ òî÷êà
I. Òîãäà

∀x ∈ U̇δ(x0)→ f(x)− f(x0)

x− x0

> 0⇒ f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

> 0

Ïóñòü f ′(x) > 0. Âûáåðåì ëþáûå x1, x2 ∈ I : x1 < x2. Ïî òåîðåìå Ëàãðàí-
æà f(x2) − f(x1) = f ′(c)(x2 − x1). Ïî ïðåäïîëîæåíèþ f ′(c) > 0, à â ñèëó âûáîðà
x1, x2, (x2 − x1) > 0. Ñëåäîâàòåëüíî, f(x2) > f(x1).

Ïóíêò 2 äîêàçûâàåòñÿ àíàëîãè÷íî. Ïóíêò 3 ÿâëÿåòñÿ ñëåäñòâèåì ïðåäûäóùèõ
óòâåðæäåíèé.�

Òåîðåìà 10. Ïóñòü ôóíêöèÿ f îïðåäåëåíà íà (a, b) è x0 ∈ (a, b). Ïóñòü òàêæå
f äèôôåðåíöèðóåìà íà (a, b)\{x0} è íåïðåðûâíà â òî÷êå x0. Òîãäà

1. åñëè ñóùåñòâóþò ÷èñëà α, β ∈ (a, b) : α < x0 < β : òàêèå, ÷òî f ′(x) > 0 íà (α, x0)
è f ′(x) 6 0 íà (x0, β), òî x0 - òî÷êà ëîêàëüíîãî ìàêñèìóìà ôóíêöèè f ;

2. åñëè ñóùåñòâóþò ÷èñëà α, β ∈ (a, b) : α < x0 < β : òàêèå, ÷òî f ′(x) 6 0 íà (α, x0)
è f ′(x) > 0 íà (x0, β), òî x0 - òî÷êà ëîêàëüíîãî ìèíèìóìà ôóíêöèè f .

�Åñëè ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì ïóíêòà 1, òî ïî ïðåäûäóùåé òåîðåìå
îíà íåñòðîãî âîçðàñòàåò íà [α, x0] è íåñòðîãî óáûâàåò íà [x0, β]. Òîãäà ∀x ∈ (α, β) :
f(x) 6 f(x0), òî åñòü x0 - òî÷êà ëîêàëüíîãî ìàêñèìóìà ôóíêöèè f .

Ïóíêò 2 äîêàçûâàåòñÿ àíàëîãè÷íî.�

МФТИ, Зухба Р.Д.



5

Ïðèìåð 6. Èññëåäîâàòü ôóíêöèþ f(x) = x2ex íà âîçðàñòàíèå è óáûâàíèå,
íàéòè åå ýêñòðåìóìû.

�Âû÷èñëèì ïðîèçâîäíóþ: f ′(x) = 2xex + x2ex = ex(x2 + 2x).
Ïðîèçâîäíàÿ íåîòðèöàòåëüíà (f ′(x) > 0), ïðè x ∈ (−∞,−2]

⋃
[0,+∞). Íà ïðî-

ìåæóòêàõ (−∞,−2] è [0,+∞) ôóíêöèÿ f âîçðàñòàåò.
Ïðîèçâîäíàÿ íåïîëîæèòåëüíà (f ′(x) 6 0), ïðè x ∈ [−2, 0]. Íà ýòîì ïðîìåæóòêå

ôóíêöèÿ f óáûâàåò.
Â ïðàâîé ïîëóîêðåñòíîñòè òî÷êè x = −2 ôóíêöèÿ f âîçðàñòàåò, à â ëåâîé ïîëó-

îêðåñòíîñòè � óáûâàåò, çíà÷èò òî÷êà x = −2 � ëîêàëüíûé ìàêñèìóì. Àíàëîãè÷íî,
òî÷êà x = 0 � ëîêàëüíûé ìèíèìóì.�

Ïðèìåð 7. Äîêàçàòü, ÷òî ex > 1 + x.
�Ïóñòü x > 0. Ðàññìîòðèì ôóíêöèþ f(t) = et íà îòðåçêå [0, x]. Â ñèëó òåîðåìû

Ëàãðàíæà ñóùåñòâóåò òàêîå c ∈ (0, x), ÷òî

ex − e0 = f ′(c)(x− 0);

ex − 1 = ecx;

c > 0, çíà÷èò, ec > 1, òîãäà ex − 1 > x⇔ ex > 1 + x.
Ñëó÷àé x < 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.�
Ïðèìåð 8. Ïóñòü ôóíêöèÿ f(x) äèôôåðåíöèðóåìà íà [1, 2]. Äîêàçàòü, ÷òî íà

îòðåçêå [1, 2] ñóùåñòâóåò òàêàÿ òî÷êà c, ÷òî

f(2)− f(1) =
c2

2
f ′(c).

�Ðàññìîòðèì ôóíêöèþ g(x) = − 2
x
. Ê ôóíêöèÿì f(x) è g(x) íà îòðåçêå [1, 2]

ïðèìåíèì òåîðåìó Êîøè:
f(2)− f(1)

g(2)− g(1)
=
f ′(c)

g′(c)
.

g(2)− g(1) = 1, g′(x) = 2
x2
, ñëåäîâàòåëüíî f(2)− f(1) = c2

2
f ′(c).�

4 Ïðàâèëà Ëîïèòàëÿ

Òåîðåìà 11 (î íåîïðåäåëåííîñòè 0
0
). Ïóñòü ôóíêöèè f, g : (a, b)→ R

1. äèôôåðåíöèðóåìû íà (a, b),

2. lim
x→b

f(x) = lim
x→b

g(x) = 0,

3. g′(x) 6= 0 íà (a, b),

4. ∃ lim
x→b

f ′(x)
g′(x)
∈ R.

Òîãäà ñóùåñòâóåò lim
x→b

f(x)
g(x)

= lim
x→b

f ′(x)
g′(x)

.

Òåîðåìà 11 (î íåîïðåäåëåííîñòè ∞
∞). Ïóñòü ôóíêöèè f, g : (a, b)→ R

1. äèôôåðåíöèðóåìû íà (a, b),

МФТИ, Зухба Р.Д.
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2. lim
x→b

f(x) = ±∞, lim
x→b

g(x) = ±∞,

3. g′(x) 6= 0 íà (a, b),

4. ∃ lim
x→b

f ′(x)
g′(x)
∈ R.

Òîãäà ñóùåñòâóåò lim
x→b

f(x)
g(x)

= lim
x→b

f ′(x)
g′(x)

.

Çàìå÷àíèå. Ïðàâèëà Ëîïèòàëÿ äàþò äîñòàòî÷íûå, íî íå íåîáõîäèìûå óñëî-
âèÿ ñóùåñòâîâàíèÿ ïðåäåëà. Íàïðèìåð, ïðåäåë lim

x→+∞
x+sinx

x
ñóùåñòâóåò, íî åãî íåëüçÿ

íàéòè ñ ïîìîùüþ ïðàâèëà Ëîïèòàëÿ.
Ïðèìåð 9. Íàéòè ïðåäåë lim

x→0
xα lnx, ãäå α > 0.

�Ïðåîáðàçóÿ ôóíêöèþ è ïðèìåíÿÿ ïðàâèëî Ëîïèòàëÿ, ïîëó÷èì

lim
x→0

xα lnx = lim
x→0

lnx

x−α
= lim

x→0

1/x

−αx−α−1
= − 1

α
lim
x→0

xα = 0.

Àíàëîãè÷íî ìîæíî äîêàçàòü, ÷òî lim
x→+∞

xα lnx = 0, ïðè α < 0.�

Ïðèìåð 10. Äîêàçàòü, ÷òî ïðè α > 0, a > 1

lim
x→+∞

xα

ax
= 0.

�Ïóñòü n � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, ÷òî α− n < 0. Ïðèìåíÿÿ ïðàâèëî
Ëîïèòàëÿ n ðàç, ïîëó÷èì

lim
x→+∞

xα

ax
= lim

x→+∞

αxα−1

ax ln a
= . . . = lim

x→+∞

α(α− 1) . . . (α− n+ 1)xα−n

ax lnn a
= 0.�

Óïðàæíåíèå. Äîêàçàòü, ÷òî äëÿ ëþáîãî β

lim
x→−∞

axxβ =

{
0, a > 1,
∞, a < 1;

lim
x→+∞

axxβ =

{
∞, a > 1,
0, a < 1;

lim
x→0

xα lnβ x =

{
0, α > 0,
∞, α < 0;

lim
x→+∞

xα lnβ x =

{
0, α < 0,
∞, α > 0.

5 Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ

Ïóñòü ôóíêöèÿ f(x) èìååò ïðîèçâîäíóþ âî âñåõ òî÷êàõ èíòåðâàëà (a, b). Åñëè
ôóíêöèÿ f ′(x) èìååò ïðîèçâîäíóþ â òî÷êå x0 ∈ (a, b), òî åå ïðîèçâîäíóþ íàçûâàþò
âòîðîé ïðîèçâîäíîé èëè ïðîèçâîäíîé âòîðîãî ïîðÿäêà ôóíêöèè f(x) è îáîçíà÷àþò

f ′′(x0), f (2)(x0), ∂
2f
∂x2

(x0), fxx(x0).
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Àíàëîãè÷íî îïðåäåëÿþòñÿ ïðîèçâîäíûå áîëåå âûñîêèõ ïîðÿäêîâ: f (n)(x) =
(f (n−1)(x))′.

Çàìåòèì, ÷òî ïîä ïðîèçâîäíîé íóëåâîãî ïîðÿäêà ïîíèìàþò ñàìó ôóíêöèþ:
f (0)(x) ≡ f(x).

Ïðèìåð 11. Íàéòè f ′(0), f ′′(0), f ′′′(0), ãäå

f(x) =

{
sinx, x > 0,
x, x < 0.

�Ïðè x 6= 0 ôóíêöèÿ f(x) äèôôåðåíöèðóåìà è f ′(x) =

{
cosx, x > 0,
1, x < 0.

f(x)− f(0)

x
=

{
sinx
x
, x > 0,

1, x < 0.

Òîãäà ïî îïðåäåëåíèþ f ′(0) = lim
x→0

f(x)−f(0)
x

= 1.

Ïðè x 6= 0 ôóíêöèÿ f ′(x) äèôôåðåíöèðóåìà è f ′′(x) =

{
− sinx, x > 0,
0, x < 0.

f ′(x)− f ′(0)

x
=

{
cosx−1

x
, x > 0,

0, x < 0.

Òîãäà f ′′(0) = lim
x→0

f ′(x)−f ′(0)
x

= 0.

Ïðè x 6= 0 f ′′′(x) =

{
− cosx, x > 0,
0, x < 0.

f ′′(x)− f ′′(0)

x
=

{ − sinx
x

, x > 0,
0, x < 0.

Ïðåäåë lim
x→0

f ′′(x)−f ′′(0)
x

íå ñóùåñòâóåò (îäíîñòîðîííèå ïðåäåëû íå ðàâíû). Ñëåäîâà-

òåëüíî, f ′′′(0) íå ñóùåñòâóåò.�

Äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ âûñøèõ ïîðÿäêîâ ÷àñòî èñïîëüçóþò ñëåäóþùèå
ôîðìóëû:

(ax)(n) = ax lnn a;

(sin ax)(n) = an sin
(
ax+

πn

2

)
;

(cos ax)(n) = an cos
(
ax+

πn

2

)
;

((ax+ b)α)(n) = anα(α− 1) . . . (α− n+ 1)(ax+ b)α−n;

(lnx)(n) =
(−1)n−1(n− 1)!

xn
;

(αf + βg)(n) = αf (n) + βg(n);
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(fg)(n) =
n∑
k=0

Ck
nf

(k)g(n−k).

Ïîñëåäíÿÿ ôîðìóëà íàçûâàåòñÿ ôîðìóëîé Ëåéáíèöà.

Ïðèìåð 12. Íàéòè ((x2 + x+ 2) sin 3x)(n).
�Îáîçíà÷èì f(x) = x2 +x+ 2, g(x) = sin 3x. Íàéäåì âñå ïðîèçâîäíûå ôóíêöèé

f è g:
f (0) = x2 + x+ 2;
f (1) = 2x+ 1;
f (2) = 2;
f (n) = 0, n > 2;
g(n) = 3n sin

(
3x+ πn

2

)
.

Ó ôóíêöèè f åñòü òîëüêî òðè íåíóëåâûå ïðîèçâîäíûå, ïîýòîìó â ïðàâîé ÷àñòè
ôîðìóëû Ëåéáíèöà îñòàíåòñÿ ñëàãàåìûå ñ íîìåðàìè k = 0, 1, 2 :

((x2 + x+ 2) sin 3x)(n) = (fg)(n) =
n∑
k=0

Ck
nf

(k)g(n−k) =

= (x2 + x+ 2)3n sin
(

3x+
πn

2

)
+ n(2x+ 1)3n−1 sin

(
3x+

π(n− 1)

2

)
+

+
n(n− 1)

2
2 · 3n−2 sin

(
3x+

π(n− 2)

2

)
.�

6 Ôîðìóëà Òåéëîðà

Òåîðåìà 12 (Ôîðìóëà Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàí-
æà). Ïóñòü ôóíêöèÿ f(x) n + 1 ðàç äèôôåðåíöèðóåìà â Uδ(x0), òîãäà äëÿ ëþáîãî
x ∈ U̇δ(x0) ñóùåñòâóåò òî÷êà ξ, ïðèíàäëåæàùàÿ èíòåðâàëó ñ êîíöàìè x è x0, òàêàÿ,
÷òî

f(x) =
n∑
k=0

f (k)(x0)

k!
(x− x0)k +

f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1

Ïðèìåð 13. Äîêàçàòü, ÷òî ∀t ∈ R ↪→ | sin t− t| 6 t2

2
.

�Ïðèìåíèì ôîðìóëó Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà ê
ôóíêöèè sin t ïðè n = 2, x0 = 0. Ïîëó÷èì sin t = t + − sin ξ

2!
t2, îòêóäà ñëåäóåò, ÷òî

| sin t− t| =
∣∣∣ t22 sin ξ

∣∣∣ 6 t2

2
.�

Òåîðåìà 13 (Ôîðìóëà Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ïåàíî).
Ïóñòü ôóíêöèÿ f(x) n ðàç äèôôåðåíöèðóåìà â òî÷êå x0, òîãäà

f(x) =
n∑
k=0

f (k)(x0)

k!
(x− x0)k + o((x− x0)n), x→ x0.

Ïðè x0 = 0 ôîðìóëà Òåéëîðà ïðèíèìàåò âèä f(x) =
n∑
k=0

f (k)(0)
k!

xk + o(xn), x → 0

è íàçûâàåòñÿ ôîðìóëîé Ìàêëîðåíà.
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Ïðèâåäåì ðàçëîæåíèå îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé ïî ôîðìóëå Ìàêëîðå-
íà:

ex = 1 + x+
x2

2!
+ . . .+

xn

n!
+ o(xn) =

n∑
k=0

xk

k!
+ o(xn), ïðè x→ 0;

chx = 1 +
x2

2!
+
x4

4!
+ . . .+

x2n

(2n)!
+ o(x2n+1) =

n∑
k=0

x2k

(2k)!
+ o(x2n+1), ïðè x→ 0;

shx = x+
x3

3!
+ . . .+

x2n+1

(2n+ 1)!
+ o(x2n+2) =

n∑
k=0

x2k+1

(2k + 1)!
+ o(x2n+2), ïðè x→ 0;

cosx = 1− x
2

2!
+
x4

4!
−. . .+(−1)n

x2n

(2n)!
+o(x2n+1) =

n∑
k=0

(−1)k
x2k

(2k)!
+o(x2n+1), ïðè x→ 0;

sinx = x−x
3

3!
+. . .+(−1)n

x2n+1

(2n+ 1)!
+o(x2n+2) =

n∑
k=0

(−1)k
x2k+1

(2k + 1)!
+o(x2n+2), ïðè x→ 0;

(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− (n− 1))

n!
xn + o(xn) =

=
n∑
k=0

Ck
αx

k + o(xn), ïðè x→ 0;

1

1 + x
=

n∑
k=0

(−1)kxk + o(xn), ïðè x→ 0;

1

1− x
=

n∑
k=0

xk + o(xn), ïðè x→ 0;

ln(1 + x) = x− x2

2
+
x3

3
− . . .+ (−1)n−1x

n

n
+ o(xn) =

n∑
k=0

(−1)k−1x
k

k
+ o(xn) ïðè x→ 0;

ln(1− x) = −x− x2

2
− x3

3
− . . .− xn

n
+ o(xn) = −

n∑
k=0

xk

k
+ o(xn) ïðè x→ 0.

Ïðèìåð 14. Ðàññìîòðèì âû÷èñëåíèå ôîðìóëû Òåéëîðà äëÿ ôóíêöèé, ïðåäñòà-
âèìûõ â âèäå îòíîøåíèÿ äâóõ ôóíêöèé ñ èçâåñòíûì ðàçëîæåíèåì, íàïðèìåð íàéäåì
ðàçëîæåíèå tg x äî o(x5).

�Âûïèøåì ðàçëîæåíèÿ ôóíêöèé sinx è cosx:

МФТИ, Зухба Р.Д.



10

sinx = x− x3

6
+

x5

120
+ o(x5),

cosx = 1− x2

2
+
x4

24
+ o(x5).

tg x =
sinx

cosx
= sinx · 1

cosx
.

Ðàññìîòðèì îòäåëüíî ðàâåíñòâî 1
cosx

= 1

1−x2

2
+x4

24
+o(x5)

. Ñäåëàâ çàìåíó t = −x2

2
+

x4

24
+ o(x5), ïîëó÷èì 1

cosx
= 1

1+t
. Åñëè x→ 0, òî è t→ 0. Ðàçëîæèì âûðàæåíèå 1

1+t
ïî

ôîðìóëå Òåéëîðà ïðè t→ 0:

1

1 + t
= 1− t+ t2 − t3 + o(t3) =

= 1−
(
−x

2

2
+
x4

24
+ o(x5)

)
+
(
−x

2

2
+
x4

24
+ o(x5)

)2

−
(
−x

2

2
+
x4

24
+ o(x5)

)3

+ o(t3).

Ðàñêðîåì ñêîáêè, ïðè ýòîì âñå ÷ëåíû, ÿâëÿþùèåñÿ o(x5), ìû ñðàçó îáúåäèíèì:

1

cosx
= 1 +

x2

2
− x4

24
+
x4

4
+ o(x5) = 1 +

x2

2
+

5x4

24
+ o(x5).

Äëÿ ïîëó÷åíèÿ ðàçëîæåíèÿ ôóíêöèè tg x ïðîñòî ïåðåìíîæèì ðàçëîæåíèÿ
ôóíêöèé sinx è 1

cosx
. Ïîñëå ÷åãî ñíîâà ðàñêðîåì ñêîáêè, îáúåäèíÿÿ ÷ëåíû, ÿâëÿ-

þùèåñÿ o(x5):

tg x =
(

1 +
x2

2
+

5x4

24
+ o(x5)

)(
x− x3

6
+

x5

120
+ o(x5)

)
= x+

x3

3
+

2

5
x5 + o(x5).�

Ïðèìåð 15. Ðàññìîòðèì âû÷èñëåíèå ðàçëîæåíèÿ ôóíêöèè ïî èçâåñòíîé ôîð-
ìóëå Òåéëîðà äëÿ åå ïðîèçâîäíîé íà ïðèìåðå ðàçëîæåíèÿ f(x) = arcsin x äî o(x6).

�Ïðåäñòàâèì ôóíêöèþ f ′(x) ôîðìóëîé Òåéëîðà:

f ′(x) =
1√

1− x2
= (1− x2)−

1
2 = 1 +

x2

2
+

3

8
x4 + o(x5).

Äëÿ ïîëó÷åíèÿ ðàçëîæåíèÿ ôóíêöèè f(x) ïðîèíòåãðèðóåì ëåâóþ è ïðàâóþ ÷à-
ñòè ýòîãî ðàâåíñòâà. Ïðè ýòîì âîçíèêàåò êîíñòàíòà èíòåãðèðîâàíèÿ, íåñëîæíî ïî-
íÿòü, ÷òî îíà ðàâíà f(0). Ó÷èòûâàÿ, ÷òî arcsin(0) = 0, ïîëó÷èì

f(x) = f(0) + x+
x3

6
+

3

40
x5 + o(x6) = x+

x3

6
+

3

40
x5 + o(x6).�

Ïðèìåð 16. Ðàçëîæèòü ôóíêöèþ f(x) = x2 ln(x+
√

1 + x2) äî o(x2n).
�Ïóñòü g(x) = ln(x+

√
1 + x2). Òîãäà

g′(x) =
1√

1 + x2
= (1 + x2)−

1
2 .
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Âîñïîëüçóåìñÿ èçâåñòíîé ôîðìóëîé äëÿ ðàçëîæåíèÿ (1 + x)α:

g′(x) =
n∑
k=0

(−1
2
)(−3

2
) . . . (−k + 1

2
)

k!
x2k + o(x2n) = 1 +

n∑
k=1

(−1)k(2k − 1)!!

2kk!
+ o(x2n).

Èíòåãðèðóåì:

g(x) = g(0) + x+
n∑
k=1

(−1)k(2k − 1)!!

2kk!(2k + 1)
x2k+1 + o(x2n+1), g(0) = 0.

Òîãäà

f(x) = x2g(x) = x3 +
n∑
k=1

(−1)k(2k − 1)!!

2kk!(2k + 1)
x2k+3 + o(x2n+3) =

= x3 +
n−2∑
k=1

(−1)k(2k − 1)!!

2kk!(2k + 1)
x2k+3 + o(x2n).�

7 Èñïîëüçîâàíèå ôîðìóëû Òåéëîðà äëÿ âû÷èñëå-

íèÿ ïðåäåëîâ

7.1 Ïðåäåë ôóíêöèè âèäà
f(x)
g(x)

Ïðåäåë ôóíêöèè âèäà f(x)
g(x)

ìîæíî âû÷èñëèòü ñëåäóùèì ñïîñîáîì. Ðàçëîæèì
÷èñëèòåëü è çíàìåíàòåëü ïî ôîðìóëå Òåéëîðà äî ïåðâîãî íåíóëåâîãî ÷ëåíà. Ïóñòü
f(x) = axn + o(xn), g(x) = bxm + o(xm), òîãäà

lim
x→0

f(x)

g(x)
=

axn + o(xn)

bxm + o(xm)
= =


a
b
, m = n;

0, n > m;

∞, n < m.

Ïðèìåð 17. Âû÷èñëèòü ïðåäåë

lim
x→0

shx− tg x

ln(1− x3)
.

�Äàííûé ïðåäåë èìååò íåîïðåäåëåííîñü âèäà 0
0
. Ðàçëîæèì ÷èñëèòåëü è çíàìå-

íàòåëü ïî ôîðìóëå Òåéëîðà äî ïåðâîãî ÷ëåíà ñ íåíóëåâûì êîýôôèöåíòîì:

ln(1− x3) = −x3 + o(x3),

shx− tg x =

(
x+

x3

6
+ o(x3)

)
−
(
x+

x3

3
+ o(x3)

)
= −x

3

6
+ o(x3),

lim
x→0

shx− tg x

ln(1− x3)
=
−x3

6
+ o(x3)

−x3 + o(x3)
=

1

6
.�
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Çàìåòèì, ÷òî òàêîãî ðîäà ïðåäåëû ìîæíî ðåøàòü ñ ïîìîùüþ ïðàâèëà Ëîïè-
òàëÿ, íî èíîãäà ýòî ñëîæíåå, ÷åì ñ èñïîëüçîâàíèåì ôîðìóëû Òåéëîðà. Íàïðèìåð, â
ýòîì ïðèìåðå ïðàâèëî Ëîïèòàëÿ ïðèøëîñü áû ïðèìåíèòü òðè ðàçà.

Ïðèìåð 18. Âû÷èñëèòü ïðåäåë

lim
x→0

sin x
1−x + ln(1− x)− x2

2

tg shx− arctg x
.

�Ðàçëîæèì ñíà÷àëà çíàìåíàòåëü.

arctg x = x− x3

3
+ o(x3).

Äëÿ ðàçëîæåíèÿ ñëîæíîé ôóíêöèè tg shx ïî ôîðìóëå Òåéëîðà ïîäñòàâèì ðàç-
ëîæåíèå ôóíêöèè shx â ðàçëîæåíèå ôóíêöèè tg t, ðàñêðîåì ñêîáêè è îáúåäèíèì âñå
ñëàãàåìûå, êîòîðûå åñòü o(x3):

shx = x+
x3

6
+ o(x3),

tg t = t+
t3

3
+ o(t3),

tg

(
x+

x3

6
+ o(x3)

)
=

(
x+

x3

6
+ o(x3)

)
+

1

3

(
x+

x3

6
+ o(x3)

)3

+o(t3) = x+
1

2
x3+o(x3).

Èòîãî, çíàìåíàòåëü:

x+
1

2
x3 + o(x3)−

(
x− x3

3
+ o(x3)

)
=

5

6
x3 + o(x3).

Â ðàçëîæåíèè çíàìåíàòåëÿ ïåðâîå íåíóëåâîå ñëàãàåìîå èìååò ñòåïåíü 3. Òîãäà
÷èñëèòåëü òàêæå áóäåì ðàñêëàäûâàòü äî o(x3):

ln(1− x) = −x− x2

2
− x3

3
+ o(x3),

sin t = t− t3

6
+ o(t3),

t =
x

1− x
= x

1

1− x
= x(1 + x+ x2 + x3 + o(x3)) = x+ x2 + x3 + x4 + o(x4),

sin
x

1− x
=
(
x+x2 +x3 +o(x3)

)
− 1

6

(
x+x2 +x3 +o(x3)

)3

+o(t3) = x+x2 +
5

6
x3 +o(x3).

Çàìåòèì, ÷òî ðàñêëàäûâàÿ ôóíêöèþ 1
1−x äî o(x3) ìû ïîëó÷èëè ðàçëîæåíèå

ñëîæíîé ôóíêöèè x 1
1−x äî o(x

4). Â äàííîì ñëó÷àå ìû ïðîñòî îòáðîñèëè ñëàãàåìîå x4

è ïîëó÷èëè ðàçëîæåíèå äî o(x3). Èíîãäà âñòðå÷àþòñÿ îáðàòíûå ñèòóàöèè, êîãäà äëÿ
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ðàçëîæåíèÿ ñëîæíîé ôóíêöèè äî o(x3) âíóòðåííþþ ôóíêöèþ íóæíî ðàñêëàäûâàòü
äî o(x4).

Èòîãî, ÷èñëèòåëü:

x+ x2 +
5

6
x3 + o(x3) +

(
−x− x2

2
− x3

3
+ o(x3)

)
− x2

2
=

1

2
x3 + o(x3).

lim
x→0

sin x
1−x + ln(1− x)− x2

2

tg shx− arctg x
= lim

x→0

1
2
x3 + o(x3)

5
6
x3 + o(x3)

=
3

5
.�

Çàìå÷àíèå. Òèïè÷íîé îøèáêîé ÿâëÿåòñÿ ðàçëîæåíèå ÷èñëèòåëÿ è çíàìåíàòåëÿ
äî íåäîñòàòî÷íî áîëüøîé ñòåïåíè. Åñëè, íàïðèìåð, â ýòîì ïðèìåðå ðàñêëàäûâàòü
÷èñëèòåëü è çíàìåíàòåëü íå äî o(x3), à äî ìåíüøåé ñòåïåíè, ñêàæåì äî o(x2), òî

ïîëó÷èòñÿ âûðàæåíèå 0+o(x2)
0+o(x2)

, êîòîðîå íå ïîçâîëÿåò âû÷èñëèòü ïðåäåë.
Îáû÷íî ñ ïåðâîãî âçãëÿäà ñëîæíî îïðåäåëèòü íóæíóþ ñòåïåíü, ïîýòîìó ðåêî-

ìåíäóåòñÿ äåëàòü ñëåäóþùåå. Ðàçëîæèì ôóíêöèè äî êàêîé-íèáóäü ñòåïåíè, íàïðè-
ìåð äî 2 èëè 3. Åñëè â ðåçóëüòàòå â ÷èñëèòåëå è çíàìåíàòåëå âñå ñëàãàåìûå ñîêðàòè-
ëèñü è ïîëó÷èëèñü âûðàæåíèÿ âèäà 0 + o(xn), òî ñòåïåíü íåäîñòàòî÷íàÿ, ðàçëîæèì
äî áîëüøåé ñòåïåíè. Åñëè æå îñòàëîñü íåñêîëüêî ñëàãàåìûõ, òî åñòü ïîëó÷èëèñü âû-
ðàæåíèÿ âèäà axn + αxn+1 + . . . + γxm + o(xm), òî ñòåïåíü ðàçëîæåíèÿ èçáûòî÷íàÿ,
ïðîñòî îòáðîñèì íåíóæíûå ñëàãàåìûå è ïîëó÷èì âûðàæåíèÿ âèäà axn + o(xn).

7.2 Ïðåäåë ôóíêöèè, ïðåäñòàâèìîé â âèäå f(x)g(x)

Ïóñòü f(x) = 1 + axn + o(xn), g(x) = 1
bxn+o(xn)

, òîãäà

lim
x→0

f(x)g(x) = e
a
b .

Äåéñòâèòåëüíî,

lim
x→0

f(x)g(x) = lim
x→0

(1+axn+o(xn))
1

bxn+o(xn) = lim
x→0

e
1

bxn+o(xn)
ln(1+axn+o(xn)) = lim

x→0
e

axn+o(xn)
bxn+o(xn) = e

a
b .

Ïðèìåð 19. Âû÷èñëèòü ïðåäåë

lim
x→0

(2 cos
3
3 x− sinx

arctg x
)

x
tg x−sh x .

� tg x− shx = x+
x3

3
+ o(x3)− (x+

x3

6
+ o(x3)) =

x3

6
+ o(x3).

Òîãäà ïîêàçàòåëü:

x

tg x− shx
=

x
x3

6
+ o(x3)

=
1

x2

6
+ o(x2)

.

Ïîñêîëüêó ïîêàçàòåëü ïðåäñòàâëåí â âèäå 1
bx2+o(x2)

, òî ìîæíî îæèäàòü, ÷òî îñ-

íîâàíèå ïðåäñòàâèìî â âèäå 1 + ax2 + o(x2).
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(cosx)
3
2 = (1− x2

2
+ o(x2))

3
2 = 1− 3x2

4
+ o(x2).

Áóäåì ðàñêëàäûâàòü sinx è arctg x äî o(x3):

sinx

arctg x
=
x− x3

6
+ o(x3)

x− x3

3
+ o(x3)

=
1− x2

6
+ o(x2)

1− x2

3
+ o(x2)

=
(

1−x
2

6
+o(x2)

)(
1+

x2

3
+o(x2)

)
= 1+

x2

6
+o(x2).

Çàìåòèì, ÷òî äëÿ ïîëó÷åíèÿ ðàçëîæåíèÿ äðîáè äî o(x2), íåîáõîäèìî ðàñêëà-
äûâàòü âíóòðåííèå ôóíêöèè sinx è arctg x äî o(x3). Åñëè ðàñêëàäûâàòü èõ äî o(x2),
òî ïîñëå ñîêðàùåíèÿ íà x îñòàíåòñÿ o(x).

Îñíîâàíèå:

2(1− 3x2

4
+ o(x2))− 1− x2

6
+ o(x2) = 1− 5

3
x2 + o(x2).

Èòîãî:

lim
x→0

(2 cos
3
3 x− sinx

arcsinx
)

x
tg x−sh x = lim

x→0
(1− 5

3
x2 + o(x2))

1
x2
6

+o(x2)

= e−10.�
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