
Êðèâûå â Rn

Êðèâûå

Îïðåäåëåíèå 1 Ãîäîãðàôîì âåêòîð-ôóíêöèè r : T → Rn íàçûâàåòñÿ
ìíîæåñòâî òî÷åê r(t), ãäå ïàðàìåòð t ïðîáåãàåò ìíîæåñòâî T .

Êðèâîé Γ íàçûâàåòñÿ ãîäîãðàô íåïðåðûâíîé âåêòîð-ôóíêöèè r : [a, b]→
Rn:

Γ = {r(t) | t ∈ [a, b]}.

Çàìå÷àíèå 1 Ðàçíûå âåêòîð-ôóíêöèè ìîãóò çàäàâàòü îäíó è òó æå
êðèâóþ. Íàïðèìåð, êðèâàÿ Γ = {(cosϕ, sinϕ) | ϕ ∈ [0, π]}, çàäàâàåìàÿ
âåêòîð-ôóíêöèåé r(ϕ) = (cosϕ, sinϕ), ϕ ∈ [0, π], ìîæåò áûòü çàäàíà
äðóãîé âåêòîð-ôóíêöèåé % = (x,

√
1− x2), x ∈ [−1, 1],

Γ = {(x,
√

1− x2) | x ∈ [−1, 1]}.

Îïðåäåëåíèå 2 Åñëè êîíöû êðèâîé Γ = {r(t) | t ∈ [a, b]} ñîâïàäàþò,
òî åñòü r(a) = r(b), òî êðèâàÿ Γ íàçûâàåòñÿ çàìêíóòîé.

Òî÷êà r0 íàçûâàåòñÿ òî÷êîé ñàìîïåðåñå÷åíèÿ êðèâîé Γ = {r(t) | t ∈
[a, b]}, åñëè ∃t1, t2 ∈ [a, b] : t1 6= t2 è r0 = r(t1) = r(t2).

Åñëè äëÿ êðèâîé Γ = {r(t) | t ∈ [a, b]} íå ñóùåñòâóåò ÷èñåë t1, t2
òàêèõ, ÷òî a ≤ t1 < t2 ≤ b è r(t1) = r(t2) êðîìå, áûòü ìîæåò t1 =
a, t2 = b (äðóãèìè ñëîâàìè, íåò äðóãèõ òî÷åê ñàìîïåðåñå÷åíèÿ, êðîìå
êîíöîâ êðèâîé), òî êðèâàÿ Γ íàçûâàåòñÿ ïðîñòîé êðèâîé.

Îïðåäåëåíèå 3 Ïóñòü çàäàíà ïðîñòàÿ íåçàìêíóòàÿ êðèâàÿ
Γ = {r(t) | t ∈ [a, b]}. Áóäåì ãîâîðèòü, ÷òî òî÷êà r2 ∈ Γ ñëåäóåò çà
òî÷êîé r1 ∈ Γ èëè òî÷êà r1 ïðåäøåñòâóåò òî÷êå r2, åñëè r1 = r(t1),
r2 = r(t2), t1 < t2. Ïðè ýòîì êðèâóþ Γ íàçûâàþò îðèåíòèðîâàííîé ïî
âîçðàñòàíèþ ïàðàìåòðà t.

Òàêèì îáðàçîì îïðåäåëÿåì îðèåíòàöèþ ïðîñòîé íåçàìêíóòîé êðè-
âîé.

Îïðåäåëåíèå 4 Ðàçáèåíèåì îòðåçêà [a, b] íàçûâàåòñÿ êîíå÷íûé íàáîð
òî÷åê T = {t0, t1, . . . , tI} òàêèõ, ÷òî a = t0 < t1 < . . . < tI = b.

Ïóñòü çàäàíà êðèâàÿ Γ = {r(t) | t ∈ [a, b]} è ðàçáèåíèå îòðåçêà T =
{t0, t1, . . . , tI}. Òîãäà áóäåì ãîâîðèòü, ÷òî êðèâàÿ Γ ðàçáèòà íà êðèâûå
Γi = {r(t) | t ∈ [ti−1, ti]}, i ∈ {1, . . . , I}.

Îïðåäåëåíèå 5 Ïóñòü êðèâàÿ Γ ðàçáèòà íà ïðîñòûå íåçàìêíóòûå
êðèâûå Γi, îðèåíòèðîâàííûå ïî âîçðàñòàíèþ ïàðàìåòðà t. Òîãäà óïî-
ðÿäî÷åííàÿ ïî âîçðàñòàíèþ ïàðàìåòðà t ñîâîêóïíîñòü Γ1, Γ2, . . ., ΓI
íàçûâàåòñÿ îðèåíòèðîâàííîé êðèâîé Γ: Γ = Γ1Γ2 . . .ΓI .
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Îïðåäåëåíèå 6 Âåêòîð-ôóíêöèÿ %(s), s ∈ [s1, s2] íàçûâàåòñÿ äîïóñòè-
ìîé ïàðàìåòðèçàöèåé êðèâîé Γ = {r(t) | t ∈ [t1, t2]}, åñëè ñóùåñòâóåò
íåïðåðûâíàÿ ñòðîãî âîçðàñòàþùàÿ ôóíêöèÿ t(s) òàêàÿ, ÷òî t(s1) = t1,
t(s2) = t2 è ∀s ∈ [s1, s2] ↪→ %(s) = r(t(s)).

Ñ÷èòàåòñÿ, ÷òî âåêòîð-ôóíêöèè r(t) è %(s) ïàðàìåòðèçóþò îäíó è
òó æå êðèâóþ Γ.

Òàê êàê ïðè äîïóñòèìîé çàìåíå ïàðàìåòðà ñòàðûé ïàðàìåòð ÿâëÿåòñÿ

ñòðîãî âîçðàñòàþùåé ôóíêöèåé íîâîãî ïàðàìåòðà, òî îðèåíòàöèÿ êðèâîé

íå ìåíÿåòñÿ.

Äëèíà êðèâîé

Îïðåäåëåíèå 7 Îòðåçêîì r1, r2 â Rn íàçûâàåòñÿ ìíîæåñòâî òî÷åê
{r1 + t(r2 − r1) | t ∈ [0, 1]}.

Ïóñòü çàäàíà êðèâàÿ Γ = {r(t) | t ∈ [a, b]} è ðàçáèåíèå T = {t0, t1, . . . , tI}
îòðåçêà [a, b]. Ëîìàííîé P , âïèñàííîé â êðèâóþ Γ, íàçûâàåòñÿ óïîðÿäî-
÷åííûé ïî âîçðàñòàíèþ ïàðàìåòðà t íàáîð îòðåçêîâ [r(ti−1), r(ti)]:

P = (r(t0), r(t1)], [r(t1), r(t2)], . . . , [r(tI−1), r(tI)]) .

Ïðè ýòîì ãîâîðÿò, ÷òî ðàçáèåíèå T ïîðîæäàåò ëîìàííóþ P . Îòðåçêè
[r(ti−1), r(ti)] íàçûâàþòñÿ çâåíüÿìè ëîìàííîé P .

Äëèííîé ëîìàííîé P íàçûâàåòñÿ ñóììà äëèí åå çâåíüåâ:

|P | =
I∑
i=1

|r(ti)− r(ti−1)|.

Îïðåäåëåíèå 8 Äëèííîé êðèâîé Γ íàçûâàåòñÿ òî÷íàÿ âåðõíÿÿ ãðàíü
äëèí ëîìàííûõ, âïèñàííûõ â Γ:

Γ = sup
P
|P | = sup

T

I∑
i=1

|r(ti)− r(ti−1)|.

Åñëè |Γ| < +∞, òî êðèâàÿ Γ íàçûâàåòñÿ ñïðÿìëÿåìîé.

Ëåììà 1 Åñëè ñïðÿìëÿåìàÿ êðèâàÿ Γ ðàçáèòà íà êðèâûå Γ1 è Γ2, òî
êðèâûå Γ1 è Γ2 ñïðÿìëÿåìû, ïðè÷åì Γ| = |Γ1|+ |Γ2|

Îïðåäåëåíèå 9 Ôóíêöèÿ f : [a, b]→ R íàçûâàåòñÿ íåïðåðûâíî äèôôå-
ðåíöèðóåìîé íà [a, b], åñëè
1) ∀t ∈ [a, b] ∃f ′(t) ãäå ïðè t = a ïîä f ′(t) ïîíèìàåòñÿ ïðàâàÿ, à ïðè
t = b � ëåâàÿ ïðîèçâîäíàÿ;
2) ôóíêöèÿ f ′(t) íåïðåðûâíà íà [a, b].

Íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü âåêòîð-ôóíêöèè r : [a, b] → Rn

îïðåäåëÿåòñÿ àíàëîãè÷íî.
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Òåîðåìà 1 (äîñòàòî÷íîå óñëîâèå ñïðÿìëÿåìîñòè ïðÿìîé) Ïóñòü
âåêòîð-ôóíêöèÿ r : [a, b]→ Rn, ïàðàìåòðèçóþùàÿ êðèâóþ Γ = {r(t) | t ∈
[a, b]}, íåïðåðûâíî äèôôåðåíöèðóåìà. Òîãäà Γ ñïðÿìëÿåìà è

|Γ| ≤ (b− a) max
t∈[a,b]

|r′(t)|.

Îïðåäåëåíèå 10 Ïóñòü êðèâàÿ Γ = {r(t) | t ∈ [a, b]} ñïðÿìëÿåìà.
Îïðåäåëèì ïåðåìåííóþ äóãó Γt = {r(u) | u ∈ [a, t]}. Ôóíêöèþ s(t) = |Γt|
íàçûâàþò ïåðåìåííîé äëèíîé äóãè êðèâîé Γ.

Áóäåì ãîâîðèòü, ÷òî âåêòîð-ôóíêöèÿ % : [0, |Γ|] → Rn ÿâëÿåòñÿ íà-
òóðàëüíîé ïàðàìåòðèçàöèåé êðèâîé Γ = {%(t) | t ∈ [0, |Γ|]}, åñëè ïà-
ðàìåòð t ÿâëÿåòñÿ ïåðåìåííîé äëèíîé äóãè, òî åñòü ∀t ∈ [0, |Γ|] ↪→
s(t) = t.

Êðèâàÿ Γ íàçûâàåòñÿ ãëàäêîé, åñëè
1) âîçìîæíà íàòóðàëüíàÿ ïàðàìåòðèçàöèÿ êðèâîé Γ: Γ = {%(s) | s ∈
[0, |Γ|]} ;
2) âåêòîð-ôóíêöèÿ % : [0, |Γ|]→ Rn, çàäàþùàÿ íàòóðàëüíóþ ïàðàìåòðè-
çàöèþ êðèâîé Γ, íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, |Γ|].

Ïåðâîå ïðèáëèæåíèå êðèâîé (êàñàòåëüíàÿ)

Îïðåäåëåíèå 11 Ïðÿìàÿ r = rÊÀÑ(u) = r0 + τu íàçûâàåòñÿ êàñàòåëü-
íîé ê êðèâîé Γ = {r(s) | s ∈ [0, |Γ|]} â òî÷êå r0, åñëè ýòà ïðÿìàÿ ÿâëÿ-
åòñÿ ïðåäåëüíûì ïîëîæåíèåì ñåêóùåé:

∀u ∈ R ↪→ lim
∆s→0

(
r0 +

∆r

∆s
u

)
= rÊÀÑ(u) = r0 + τu.

Òåîðåìà 2 Ïóñòü êðèâàÿ Γ = {r(s) | s ∈ [0, |Γ|]} çàäàíà â íàòóðàëü-
íîé ïàðàìåòðèçàöèè. Òîãäà ñóùåñòâîâàíèå êàñàòëåüíîé ê êðèâîé Γ â
òî÷êå r(s0) ýêâèâàëåíòíî ñóùåñòâîâàíèþ ïðîèçâîäíîé dr

s
â òî÷êå s0.

Ïðè ýòîì âåêòîð τ = dr
s
ÿâëÿåòñÿ åäèíè÷íûì âåêòîðîì êàñàòåëüíîé,

íàïðàâëåííûì ïî âîçðàñòàíèþ ïàðàìåòðà s.

Çàäà÷à 1 Ñîñòàâèòü óðàâíåíèå êàñàòåëüíîé ê êðèâîé

x = a(t− sin t), y = a(1− cos t), z = 4a sin

(
t

2

)
ïðè t0 = π

2
. Êàêîé óãîë îáðàçóåò ýòà êàñàòåëüíàÿ ñ îñüþ Oz.
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Ðåøåíèå: r(t0) =
(
a
(
π
2
− 1
)
, a, 2a

√
2
)
.

τ(t) =
(
a(1− cos t), a sin t, 2a cos

(
t
2

))
, τ(t0) = (a, a, a

√
2). Òàêèì îáðàçîì,

óðàâíåíèå êàñàòåëüíîé ïðèìåò âèä:


x = a

(
π
2
− 1
)

+ au,

y = a+ au,

z = 2a
√

2 + a
√

2u.

Íàïðàâëÿþ-

ùèé âåêòîð äàííîé ïðÿìîé èìååò êîîðäèíàòû (1, 1,
√

2), îäèí èç âåêòî-

ðîâ, íàïðàâëåííûõ âäîëü îñè Oz, èìååò êîîðäèíàòû (0, 0, 1). Òîãäà èñêî-

ìûé óãîë ðàâåí: arccos
√

2√
1+1+2

= π
4
.

Âòîðîå ïðèáëèæåíèå êðèâîé

Îïðåäåëåíèå 12 Ïóñòü êðèâàÿ Γ = {r(s) | s ∈ [0, |Γ|]} çàäàíà â íàòó-
ðàëüíîé ïàðàìåòðèçàöèè. Ïóñòü âåêòîð-ôóíêöèÿ r : [0, |Γ|] → Rn äâà-
æäû äèôôåðåíöèðóåìà íà [0, |Γ|]. Ïóñòü τ(s) � åäèíè÷íûé âåêòîð êàñà-
òåëüíîé. Òîãäà ÷èñëî k = k(s0) =

∣∣dτ
ds

(s0)
∣∣ íàçûâàåòñÿ êðèâèçíîé êðèâîé

Γ â òî÷êå r0 = r(s0).

Çàäà÷à 2 Íàéòè íàèìåíüøåå çíà÷åíèå êðèâèçíû êðèâîé x(t) = 3 cos t−
sin t, y(t) = 3 cos t+ sin t.

Ðåøåíèå: Îòìåòèì, ÷òî äëÿ ïëîñêîé êðèâîé êðèâèçíà âû÷èñëÿåòñÿ

ïî ôîðìóëå k = |x′y′′−x′′y′|
((x′)2+(y′)2)

3
2
. Âû÷èñëèì ïåðâûå è âòîðûå ïðîèçâîäíûå:

x′(t) = −3 sin t−cos t, x′′(t) = −3 cos t+sin t, y′(t) = −3 sin t+cos t, y′′(t) =
−3 cos t − sin t. Îòñþäà íàéäåì êðèâèçíó: k(t) = 6

(18−16 cos2 t)
3
2
. Î÷åâèäíî,

÷òî ìèíèìóì äàííîé ôóíêöèè áóäåò äîñòèãàòüñÿ ïðè íàèáîëüøåì çíàìå-

íàòåëå, òî åñòü ïðè cos t0 = 0. Îòêóäà ïîëó÷àåì kmin = 6

(18−16 cos2 t)
3
2

= 1
9
√

2
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