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1. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©
{

log2x+1(4x
2 − y2 + 8x− 6y − 4) = 2,

logy+2(y
2 + 6y − x + 14) = 2.

�â¢¥â: (24; 7).
�¥è¥­¨¥: �¬¥¥¬

{
4x2 − y2 + 8x− 6y − 4 = 4x2 + 4x + 1,

y2 + 6y − x + 14 = y2 + 4y + 4

¯à¨ ãá«®¢¨ïå 0 < 2x + 1 6= 1 ¨ 0 < y + 2 6= 1. �®«ãç ¥¬ −y2 − 6y = −4x + 5 ¨
−x = −2y−10. �«¥¤®¢ â¥«ì­®, −y2−6y = −8y−35, â. ¥. y2−2y−35 = 0. �®£¤ 
«¨¡® y = −5, ¨ ¢ íâ®¬ á«ãç ¥ y + 2 = −3 < 0, â. ¥. íâ® ­¥ à¥è¥­¨¥, «¨¡® y = 7,  
x = 2y + 10 = 24, ¨ ¢ íâ®¬ á«ãç ¥ 0 < y + 2 = 9 6= 1 ¨ 0 < 2x + 1 = 49 6= 1, â. ¥.
íâ® à¥è¥­¨¥.
2. �¥è¨â¥ ­¥à ¢¥­áâ¢®

∣∣∣2
√

x−1−1 − 1
∣∣∣ +

5

3
≤ 2

√
x−1+3

3
− 4

√
x−1− 1

2 .

�â¢¥â: x ∈ [1, 5].
�¥è¥­¨¥: �¢¥¤ñ¬ ­®¢ãî ¯¥à¥¬¥­­ãî t = 2

√
x−1 ≥ 1 ¯à¨ x ≥ 1. �®£¤  ­¥à ¢¥­áâ¢®

¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
∣∣ t
2 − 1

∣∣ ≤ 8
3t − t2

2 − 5
3 , ¨«¨ â ª |t− 2| ≤ 16

3 t − t2 − 10
3 . �ãáâì

f(t) = |t − 2|, g(t) = 16
3 t − t2 − 10

3 . �à ¢­¥­¨¥ f(t) = g(t) ¨¬¥¥â ¤¢  à¥è¥­¨ï
t1 = 1 ¨ t2 = 4. �à¨ t = 0 < t1 ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(0) = 2 > g(0) = −10

3 .
�«¥¤®¢ â¥«ì­®, f(t) > g(t) ¯à¨ ¢á¥å t < t1. �à¨ t = 10 > t2 ¨¬¥¥¬ ­¥à ¢¥­áâ¢®
f(10) = 8 > g(10) = −50. �«¥¤®¢ â¥«ì­® f(t) > g(t) ¯à¨ ¢á¥å t > t2. � ª®­¥æ
¯à¨ t = 2 ∈ (t1, t2) ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(2) = 0 < g(2) = 10

3 . �«¥¤®¢ â¥«ì­®,
¯®«ãç ¥¬ f(t) < g(t) ¯à¨ ¢á¥å t1 < t < t2. � ª¨¬ ®¡à §®¬, ¤ ­­®¥ ­¥à ¢¥­áâ¢®
à ¢­®á¨«ì­® 1 ≤ 2

√
x−1 ≤ 4, â. ¥. 0 ≤ √

x− 1 ≤ 2 ¨ x ∈ [1, 5].
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3. � ©¤¨â¥ à¥è¥­¨ï ãà ¢­¥­¨ï
cos x

cos 3x
− cos 5x

cos x
= 8 sin x sin 3x,

ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ã sin x ≥ 0.
�â¢¥â: πk, π

8 + π
4m + 2πk, m = 0, 1, 2, 3, k ∈ Z.

�¥è¥­¨¥: �à¨ ãá«®¢¨¨ cos 3x 6= 0 ãà ¢­¥­¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
1 + cos 2x

2
− 1

2
(cos 8x + cos 2x) = 8 sin x cos x sin 3x cos 3x = 2 sin 2x sin 6x.

�®£¤  1−cos 8x
2 = sin2 4x = cos 4x − cos 8x. �«¥¤®¢ â¥«ì­®, 1 − cos2 4x = cos 4x −

−2 cos2 4x+1, â. ¥. cos2 4x = cos 4x. �á«¨ cos 4x = 0, â® x = π
8 + πn

4 . �á«¨ ¯à¨ íâ®¬
cos 3x = 0, â® 3x = π

2 + πs = 3π
8 + 3πn

4 , â. ¥. 4 + 8s = 3 + 6n ¨ Z 63 1
2 = 3n− 4s ∈ Z

| ¯à®â¨¢®à¥ç¨¥. �ãáâì n = 8k + m, £¤¥ k ∈ Z,   m ¬®¦¥â ¯à¨­¨¬ âì æ¥«ë¥
§­ ç¥­¨ï 0, 1, . . . , 7. �à¨ m = 0, 1, 2, 3 ¯®«ãç ¥¬ sin x ≥ 0,   ¯à¨ m = 4, 5, 6, 7

¨¬¥¥¬ sin x < 0. �ãáâì â¥¯¥àì cos 4x = 1. �®£¤  x = πn
2 . �à¨ n = 2k+1 ¯®«ãç ¥¬

cos 3x = cos
(3π

2 + 3πk
)

= 0, â. ¥. íâ® ­¥ à¥è¥­¨ï. �à¨ n = 2k ¯®«ãç ¥¬ x = πk,
sin x = 0 ¨ cos 3x = (−1)k 6= 0, â. ¥. íâ® à¥è¥­¨ï.
4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
= 3.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r =

√
13
2 , ρ =

√
3

2 , V = 6.
�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =

√
9 + 3 =

√
12, â. ¥.

AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 3. �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .

�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
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A1A
′K ¨ BB′K ¨¬¥¥¬: A′K

B′K = 3. �®£¤  A′K = 3t, B′K = t, A′B′ = A′K + B′K =

= 4t = 2, ®âªã¤  t = 1
2 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 − B′K = 1 − 1
2 = 1

2 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 1

4 = 13
4 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 13
4 . �â® ®§­ ç ¥â, çâ® P ′

| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r =
√

13
2 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =

√
3 + 1 = 2 = C ′D′ = P ′D′.

�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π
3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π

2 − π
3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 1

2 , 0
)
, −−→OK

(√
3, 1

2 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:
{

3 + 1
4 + z2 = 4,

1− hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 1
4 =

√
3

2 | ¨áª®¬®¥ à ááâ®ï­¨¥,  
¢ëá®â  ¯à¨§¬ë h = 2√

3
, â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3

√
3h = 6.
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������������, ����� II
5. �¥¤¨ ­ë AA1, BB1 ¨ CC1 âà¥ã£®«ì­¨ª  ABC ¯¥à¥á¥ª îâáï ¢ â®çª¥ O,   ¨å
¤«¨­ë à ¢­ë á®®â¢¥âáâ¢¥­­® 30, 24 ¨ 18. � ©¤¨â¥ ¯«®é ¤ì âà¥ã£®«ì­¨ª®¢ ABC

¨ OA1C,   â ª¦¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  OA1C.
�â¢¥â: 288, 48, 25

4 .
�¥è¥­¨¥: �ãáâì AA1 = mA = 30, BB1 = mB = 24, CC1 = mC = 18, AB = c,
BC = a, AC = b. �¬¥¥¬ à ¢¥­áâ¢ :

4m2
A + a2 = 2(b2 + c2), 4m2

B + b2 = 2(a2 + c2), 4m2
C + c2 = 2(a2 + b2).

�«®¦¨¢ íâ¨ à ¢¥­áâ¢ , ­ å®¤¨¬ a2 + b2 + c2 = 4
3(m

2
A + m2

B + m2
C) = 2400. �®£¤ 

4m2
A + a2 = 2(2400 − a2), ®âªã¤  a2 = 4800−3600

3 = 400, a = 20 = BC, A1C = 10.
� ª ª ª OA1 = 1

3AA1 = 10, OC = 2
3CC1 = 12, A1C = 10, â® ¯® ä®à¬ã«¥ �¥à®­ 

¯«®é ¤ì S1 âà¥ã£®«ì­¨ª  OA1C à ¢­ 
√

16 · 6 · 4 · 6 = 48. �ãáâì S | ¯«®é ¤ì
âà¥ã£®«ì­¨ª  ABC,   S2 | ¯«®é ¤ì âà¥ã£®«ì­¨ª  BOC. �®£¤  S2 = 1

3S,   S1 =

= 1
2S2 = 1

6S. �«¥¤®¢ â¥«ì­®, S = 6S1 = 288. �ãáâì R1 | à ¤¨ãá ®ªàã¦­®áâ¨,
®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  OA1C. �®£¤  R1 = OA1·OC·A1C

4S1
= 25

4 .
6. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬ 





x2 + y2 + 31 ≤ 8
(
|x|+ |y|

)
,

x2 + y2 − 2y = a2 − 1

¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.
�â¢¥â: 4 ≤ |a| ≤ √

41 + 1.
�¥è¥­¨¥: � ¯¨è¥¬ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

(|x| − 4)2 + (|y| − 4)2 ≤ 1.

�â®¬ã ­¥à ¢¥­áâ¢ã ã¤®¢«¥â¢®àï¥â ¬­®¦¥áâ¢® E | ®¡ê¥¤¨­¥­¨¥ ç¥âëàñå ªàã£®¢
C1, C2, C3 ¨ C4 à ¤¨ãá  1 á æ¥­âà ¬¨ á®®â¢¥âáâ¢¥­­® ¢ â®çª å O1(4; 4), O2(4;−4),
O3(−4; 4) ¨ O4(−4;−4). � ¯¨è¥¬ ¢â®à®¥ à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

x2 + (y − 1)2 = a2.
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�à¨ a 6= 0 íâ® ãà ¢­¥­¨¥ ®ªàã¦­®áâ¨ L á æ¥­âà®¬ ¢ â®çª¥ O(0; 1) à ¤¨ãá  |a|.
�®¥¤¨­¨¬ â®çªã O ¨ â®çª¨ O1 ¨ O2 ¯àï¬ë¬¨ `1 ¨ `2. �ãáâì A1 ¨ B1 | â®çª¨
¯¥à¥á¥ç¥­¨ï `1 á ®ªàã¦­®áâìî L1 (á æ¥­âà®¬ O1 à ¤¨ãá  1),   A2 ¨ B2 | â®çª¨
¯¥à¥á¥ç¥­¨ï `2 á ®ªàã¦­®áâìî L2 (á æ¥­âà®¬ O2 à ¤¨ãá  1). �¬¥¥¬ OO1 = 5,
OO2 =

√
25 + 16 =

√
41, OA1 = 4, OB1 = 6, OA2 =

√
41 − 1, OB2 =

√
41 + 1.

�à¨ 4 ≤ |a| ≤ 6 ®ªàã¦­®áâì L ¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C1 ¨ C3,   ¯à¨
√

41− 1 ≤
≤ |a| ≤ √

41 + 1 ®ªàã¦­®áâì L ¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C2 ¨ C4. �«¥¤®¢ â¥«ì­®,
á¨áâ¥¬  ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥, ¥á«¨ |a| ¯à¨­ ¤«¥¦¨â «¨¡® ®âà¥§ªã I1 =

= [4, 6], «¨¡® ®âà¥§ªã I2 =
[√

41− 1,
√

41 + 1
]
. � ª ª ª 4 <

√
41−1 < 6 <

√
41+1,

â® ®¡ê¥¤¨­¥­¨¥ ®âà¥§ª®¢ I1 ¨ I2 ¥áâì ®âà¥§®ª
[
4,
√

41 + 1
]
.

7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




x2 − y2 = 2x + 4y − 3z,

y2 − z2 = x− 3y + 4z,

z2 − x2 = −3x + y − 5z.

�â¢¥â: (0; 0; 0), (1;−2;−1),
(

17−√37
6 ;−1+

√
37

3 ;−1+
√

37
6

)
,

(√
37+17

6 ;
√

37−1
3 ;

√
37−1
6

)
.

�¥è¥­¨¥: �«®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç ¥¬ 0 = 2y−4z, â. ¥. y = 2z. �«®¦¨¢
¯¥à¢®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï, ¯®«ãç¨¬ z2−y2 = −x+5y−8z, ®âªã¤  ¢ á¨«ã y = 2z

¯®«ãç ¥¬ −3z2 = −x+2z, â. ¥. x = 3z2 +2z. �®¤áâ ¢«ïï íâ® ¢ âà¥âì¥ ãà ¢­¥­¨¥
á¨áâ¥¬ë, ¯®«ãç ¥¬ z2 − z2(3z + 2)2 = −9z2 − 9z. �á«¨ z = 0, â® x = y = 0. �á«¨
z 6= 0, â® z − z(9z2 + 12z + 4) = −9z − 9, â. ¥. 3z3 + 4z2 − 2z − 3 = 0. �®£¤ 
z = −1 ª®à¥­ì ãà ¢­¥­¨ï, ¨ (z + 1)(3z2 + z − 3) = 0. �«¥¤®¢ â¥«ì­®, ª®à­ï¬¨
ãà ¢­¥­¨ï â ª¦¥ ï¢«ïîâáï z = −1±√37

6 . �à¨ z = −1 ¯®«ãç ¥¬ x = 1 ¨ y = −2.
�à¨ z = −1+

√
37

6 ¯®«ãç ¥¬ x = 3z2 + 2z = 3z2 + z − 3 + z + 3 = z + 3 = 17−√37
6 ,

y = −1+
√

37
3 . �à¨ z =

√
37−1
6 ¯®«ãç ¥¬ x = z + 3 =

√
37+17

6 , y =
√

37−1
3 .
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������������, ����� I

1. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©
{

log2x−5(4x
2 − y2 − 16x− 8y + 1) = 2,

logy+3(y
2 + 8y − x + 24) = 2.

�â¢¥â: (27; 6).
�¥è¥­¨¥: �¬¥¥¬

{
4x2 − y2 − 16x− 8y + 1 = 4x2 − 20x + 25,

y2 + 8y − x + 24 = y2 + 6y + 9

¯à¨ ãá«®¢¨ïå 0 < 2x − 5 6= 1 ¨ 0 < y + 3 6= 1. �®«ãç ¥¬ −y2 − 8y = −4x + 24

¨ −x = −2y − 15. �«¥¤®¢ â¥«ì­®, −y2 − 8y = −8y − 36, â. ¥. y2 − 36 = 0. �®£¤ 
«¨¡® y = −6, ¨ ¢ íâ®¬ á«ãç ¥ y + 3 = −3 < 0, â. ¥. íâ® ­¥ à¥è¥­¨¥, «¨¡® y = 6,  
x = 2y + 15 = 27, ¨ ¢ íâ®¬ á«ãç ¥ 0 < y + 3 = 9 6= 1 ¨ 0 < 2x− 5 = 49 6= 1, â. ¥.
íâ® à¥è¥­¨¥.
2. �¥è¨â¥ ­¥à ¢¥­áâ¢®

∣∣∣∣4
√

x+2 − 4

3

∣∣∣∣ + 6 ≤ 7

3
· 4

√
x+2+1 − 3 · 16

√
x+2.

�â¢¥â: x ∈ [−2,−7
4

]
.

�¥è¥­¨¥: �¢¥¤ñ¬ ­®¢ãî ¯¥à¥¬¥­­ãî t = 4
√

x+2 ≥ 1 ¯à¨ x ≥ −2. �®£¤  ­¥à -
¢¥­áâ¢® ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

∣∣t− 4
3

∣∣ ≤ 28
3 t − 3t2 − 6. �ãáâì f(t) =

∣∣t− 4
3

∣∣, g(t) =

= 28
3 t − 3t2 − 6. �à ¢­¥­¨¥ f(t) = g(t) ¨¬¥¥â ¤¢  à¥è¥­¨ï t1 = 1 ¨ t2 = 2. �à¨

t = 0 < t1 ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(0) = 4
3 > g(0) = −6. �«¥¤®¢ â¥«ì­®, f(t) > g(t)

¯à¨ ¢á¥å t < t1. �à¨ t = 3 > t2 ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(3) = 5
3 > g(3) = −5.

�«¥¤®¢ â¥«ì­® f(t) > g(t) ¯à¨ ¢á¥å t > t2. � ª®­¥æ ¯à¨ t = 4
3 ∈ (t1, t2) ¨¬¥¥¬

­¥à ¢¥­áâ¢® f
(4

3

)
= 0 < g

(4
3

)
= 10

9 . �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ f(t) < g(t) ¯à¨
¢á¥å t1 < t < t2. � ª¨¬ ®¡à §®¬, ¤ ­­®¥ ­¥à ¢¥­áâ¢® à ¢­®á¨«ì­® 1 ≤ 4

√
x+2 ≤ 2,

â. ¥. 0 ≤ √
x + 2 ≤ 1

2 ¨ x ∈ [−2,−7
4

]
.
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3. � ©¤¨â¥ à¥è¥­¨ï ãà ¢­¥­¨ï
sin x

cos 3x
+

cos 5x

sin x
+ 4(sin 4x + sin 2x) = 8 cos x sin 3x,

ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ã cos x > 0.
�â¢¥â: π

8 + π
4m + 2πk, m = 0, 1, 6, 7, k ∈ Z.

�¥è¥­¨¥: �à¨ ãá«®¢¨ïå cos 3x 6= 0 ¨ sin x 6= 0 ãà ¢­¥­¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
1− cos 2x

2
+

cos 8x + cos 2x

2
+ 2(sin 4x + sin 2x)(sin 4x− sin 2x) = 2 sin 2x sin 6x.

�«¥¤®¢ â¥«ì­®, 1+cos 8x
2 + 2(sin2 4x− sin2 2x) = cos 4x− cos 8x. �âáî¤  ¯®«ãç ¥¬

cos2 4x + 2 − 2 cos2 4x + cos 4x − 1 = cos 4x − 2 cos2 4x + 1, â. ¥. cos2 4x = 0.
�«¥¤®¢ â¥«ì­®, x = π

8 + πn
4 . �ãáâì n = 8k + m, £¤¥ k ∈ Z,   m ¯à¨­¨¬ ¥â æ¥«ë¥

§­ ç¥­¨ï 0, 1, . . . , 7. �á«®¢¨î cos x > 0 ã¤®¢«¥â¢®àïîâ §­ ç¥­¨ï x = π
8 + πm

4 +2πk

¯à¨ m = 0, 1, 6, 7. � ¬¥â¨¬, çâ® ¨§ à ¢¥­áâ¢  0 = cos 4x = 1 − 2 sin2 2x á«¥¤ã¥â
sin2 2x = 1

2 , ¨ ¯®íâ®¬ã sin x 6= 0 ¨ cos x 6= 0. � «¥¥, â. ª. cos 3x = cos x(2 cos 2x−1),
  cos2 2x = 1− sin2 2x = 1

2 , â® cos 2x 6= 1
2 , ¨ ¯®íâ®¬ã cos 3x 6= 0.

4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
= 2.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r = 2

√
7

3 , ρ = 2
√

2
3 , V = 3

√
3
2 .

�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =
√

9 + 3 =
√

12, â. ¥.
AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 2. �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .

�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
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A1A
′K ¨ BB′K ¨¬¥¥¬: A′K

B′K = 2. �®£¤  A′K = 2t, B′K = t, A′B′ = A′K + B′K =

= 3t = 2, ®âªã¤  t = 2
3 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 − B′K = 1 − 2
3 = 1

3 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 1

9 = 28
9 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 28
9 . �â® ®§­ ç ¥â, çâ® P ′

| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r = 2
√

7
3 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =

√
3 + 1 = 2 = C ′D′ = P ′D′.

�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π
3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π

2 − π
3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 1

3 , 0
)
, −−→OK

(√
3, 1

3 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:
{

3 + 1
9 + z2 = 4,
2
3 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 1
9 = 2

√
2

3 | ¨áª®¬®¥ à ááâ®ï­¨¥,  

¢ëá®â  ¯à¨§¬ë h = 1√
2
, â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3

√
3h = 3

√
3
2 .
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��������� �� ���������� \������-2009"

������������, ����� II
5. �¥¤¨ ­ë AA1, BB1 ¨ CC1 âà¥ã£®«ì­¨ª  ABC ¯¥à¥á¥ª îâáï ¢ â®çª¥ O,   ¨å
¤«¨­ë à ¢­ë á®®â¢¥âáâ¢¥­­® 18, 24 ¨ 30. � ©¤¨â¥ ¯«®é ¤ì âà¥ã£®«ì­¨ª®¢ ABC

¨ AOC1,   â ª¦¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  AOC1.
�â¢¥â: 288, 48, 25

4 .
�¥è¥­¨¥: �ãáâì AA1 = mA = 18, BB1 = mB = 24, CC1 = mC = 30, AB = c,
BC = a, AC = b. �¬¥¥¬ à ¢¥­áâ¢ :

4m2
A + a2 = 2(b2 + c2), 4m2

B + b2 = 2(a2 + c2), 4m2
C + c2 = 2(a2 + b2).

�«®¦¨¢ íâ¨ à ¢¥­áâ¢ , ­ å®¤¨¬ a2 + b2 + c2 = 4
3(m

2
A + m2

B + m2
C) = 2400. �®£¤ 

4m2
C + c2 = 2(2400 − c2), ®âªã¤  c2 = 4800−3600

3 = 400, c = 20 = AB, AC1 = 10.
� ª ª ª OC1 = 1

3CC1 = 10, OA = 2
3AA1 = 12, AC1 = 10, â® ¯® ä®à¬ã«¥ �¥à®­ 

¯«®é ¤ì S1 âà¥ã£®«ì­¨ª  AOC1 à ¢­ 
√

16 · 6 · 4 · 6 = 48. �ãáâì S | ¯«®é ¤ì
âà¥ã£®«ì­¨ª  ABC,   S2 | ¯«®é ¤ì âà¥ã£®«ì­¨ª  AOB. �®£¤  S2 = 1

3S,   S1 =

= 1
2S2 = 1

6S. �«¥¤®¢ â¥«ì­®, S = 6S1 = 288. �ãáâì R1 | à ¤¨ãá ®ªàã¦­®áâ¨,
®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  AOC1. �®£¤  R1 = AC1·OC1·OA

4S1
= 25

4 .
6. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬ 





x2 + y2 + 7 ≤ 4
(
|x|+ |y|

)
,

x2 + y2 + 2y = a2 − 1

¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.
�â¢¥â:

√
5− 1 ≤ |a| ≤ √

13 + 1.
�¥è¥­¨¥: � ¯¨è¥¬ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

(|x| − 2)2 + (|y| − 2)2 ≤ 1.

�â®¬ã ­¥à ¢¥­áâ¢ã ã¤®¢«¥â¢®àï¥â ¬­®¦¥áâ¢® E | ®¡ê¥¤¨­¥­¨¥ ç¥âëàñå ªàã£®¢
C1, C2, C3 ¨ C4 à ¤¨ãá  1 á æ¥­âà ¬¨ á®®â¢¥âáâ¢¥­­® ¢ â®çª å O1(2; 2), O2(2;−2),
O3(−2; 2) ¨ O4(−2;−2). � ¯¨è¥¬ ¢â®à®¥ à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

x2 + (y + 1)2 = a2.
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�à¨ a 6= 0 íâ® ãà ¢­¥­¨¥ ®ªàã¦­®áâ¨ L á æ¥­âà®¬ ¢ â®çª¥ O(0;−1) à ¤¨ãá 
|a|. �®¥¤¨­¨¬ â®çªã O ¨ â®çª¨ O1 ¨ O2 ¯àï¬ë¬¨ `1 ¨ `2. �ãáâì A1 ¨ B1 |
â®çª¨ ¯¥à¥á¥ç¥­¨ï `1 á ®ªàã¦­®áâìî L1 (á æ¥­âà®¬ O1 à ¤¨ãá  1),   A2 ¨ B2

| â®çª¨ ¯¥à¥á¥ç¥­¨ï `2 á ®ªàã¦­®áâìî L2 (á æ¥­âà®¬ O2 à ¤¨ãá  1). �¬¥¥¬
OO1 =

√
4 + 9 =

√
13, OO2 =

√
4 + 1 =

√
5, OA1 =

√
13 − 1, OB1 =

√
13 + 1,

OA2 =
√

5 − 1, OB2 =
√

5 + 1. �à¨
√

13 − 1 ≤ |a| ≤ √
13 + 1 ®ªàã¦­®áâì L

¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C1 ¨ C3,   ¯à¨
√

5 − 1 ≤ |a| ≤ √
5 + 1 ®ªàã¦­®áâì L

¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C2 ¨ C4. �«¥¤®¢ â¥«ì­®, á¨áâ¥¬  ¨¬¥¥â å®âï ¡ë ®¤­®
à¥è¥­¨¥, ¥á«¨ |a| ¯à¨­ ¤«¥¦¨â «¨¡® ®âà¥§ªã I1 =

[√
13− 1,

√
13 + 1

]
, «¨¡® ®â-

à¥§ªã I2 =
[√

5− 1,
√

5 + 1
]
. � ª ª ª

√
5− 1 <

√
13− 1 < 3 <

√
5 + 1 <

√
13 + 1,

â® ®¡ê¥¤¨­¥­¨¥ ®âà¥§ª®¢ I1 ¨ I2 ¥áâì ®âà¥§®ª
[√

5− 1,
√

13 + 1
]
.

7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




x2 − y2 = −4x− 2y + 3z,

z2 − x2 = 3x− y − 4z,

y2 − z2 = −x + 3y + 5z.

�â¢¥â: (0; 0; 0), (−2; 1;−1),
(
−1+

√
37

3 ; 17−√37
6 ;−1+

√
37

6

)
,

(√
37−1
3 ;

√
37+17

6 ;
√

37−1
6

)
.

�¥è¥­¨¥: �«®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç ¥¬ 0 = −2x + 4z, â. ¥. x = 2z.
�«®¦¨¢ ¯¥à¢®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï, ¯®«ãç¨¬ x2 − z2 = −5x + y + 8z, ®âªã¤  ¢
á¨«ã x = 2z ¯®«ãç ¥¬ 3z2 = y − 2z, â. ¥. y = 3z2 + 2z. �®¤áâ ¢«ïï íâ® ¢ âà¥âì¥
ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ z2(3z +2)2− z2 = 9z2 +9z. �á«¨ z = 0, â® x = y =

= 0. �á«¨ z 6= 0, â® z(9z2 +12z +4)− z = 9z +9, â. ¥. 3z3 +4z2−2z−3 = 0. �®£¤ 
z = −1 ª®à¥­ì ãà ¢­¥­¨ï, ¨ (z + 1)(3z2 + z − 3) = 0. �«¥¤®¢ â¥«ì­®, ª®à­ï¬¨
íâ®£® ãà ¢­¥­¨ï â ª¦¥ ï¢«ïîâáï z = −1±√37

6 . �à¨ z = −1 ¯®«ãç ¥¬ x = −2 ¨
y = 1. �à¨ z = −1+

√
37

6 ¯®«ãç ¥¬ x = −1+
√

37
3 , y = 3z2 + 2z = 3z2 + z − 3 + z +

+ 3 = z + 3 = 17−√37
6 . �à¨ z =

√
37−1
6 ¯®«ãç ¥¬ x =

√
37−1
3 , y = z + 3 =

√
37+17

6 .
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��������� �� ���������� \������-2009"

������������, ����� I

1. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©
{

log2y+3(4y
2 − x2 + 16y + 6x + 8) = 2,

logx−4(x
2 − 6x− y + 13) = 2.

�â¢¥â: (13; 23).
�¥è¥­¨¥: �¬¥¥¬

{
4y2 − x2 + 16y + 6x + 8 = 4y2 + 12y + 9,

x2 − 6x− y + 13 = x2 − 8x + 16

¯à¨ ãá«®¢¨ïå 0 < 2y + 3 6= 1 ¨ 0 < x − 4 6= 1. �®«ãç ¥¬ −x2 + 6x = −4y + 1 ¨
−y = −2x+3. �«¥¤®¢ â¥«ì­®, −x2 +6x = −8x+13, â. ¥. x2−14x+13 = 0. �®£¤ 
«¨¡® x = 1, ¨ ¢ íâ®¬ á«ãç ¥ x− 4 = −3 < 0, â. ¥. íâ® ­¥ à¥è¥­¨¥, «¨¡® x = 13,  
y = 2x − 3 = 23, ¨ ¢ íâ®¬ á«ãç ¥ 0 < x − 4 = 9 6= 1 ¨ 0 < 2y + 3 = 49 6= 1, â. ¥.
íâ® à¥è¥­¨¥.
2. �¥è¨â¥ ­¥à ¢¥­áâ¢®

∣∣∣2
√

x−2−2 − 2
∣∣∣ +

10

3
≤ 2

√
x−2+2

3
− 4

√
x−2−2.

�â¢¥â: x ∈ [6, 18].
�¥è¥­¨¥: �¢¥¤ñ¬ ­®¢ãî ¯¥à¥¬¥­­ãî t = 2

√
x−2 ≥ 1 ¯à¨ x ≥ 2. �®£¤  ­¥à ¢¥­áâ¢®

¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
∣∣ t
4 − 2

∣∣ ≤ 4
3t− t2

16− 10
3 . �ãáâì f(t) =

∣∣ t
4 − 2

∣∣, g(t) = 4
3t− t2

16− 10
3 .

�à ¢­¥­¨¥ f(t) = g(t) ¨¬¥¥â ¤¢  à¥è¥­¨ï t1 = 4 ¨ t2 = 16. �à¨ t = 0 < t1 ¨¬¥¥¬
­¥à ¢¥­áâ¢® f(0) = 2 > g(0) = −10

3 . �«¥¤®¢ â¥«ì­®, f(t) > g(t) ¯à¨ ¢á¥å t < t1.
�à¨ t = 24 > t2 ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(24) = 4 > g(24) = −22

3 . �«¥¤®¢ â¥«ì­®
f(t) > g(t) ¯à¨ ¢á¥å t > t2. � ª®­¥æ ¯à¨ t = 8 ∈ (t1, t2) ¨¬¥¥¬ ­¥à ¢¥­áâ¢®
f (8) = 0 < g (8) = 10

3 . �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ f(t) < g(t) ¯à¨ ¢á¥å t1 < t <

< t2. � ª¨¬ ®¡à §®¬, ¤ ­­®¥ ­¥à ¢¥­áâ¢® à ¢­®á¨«ì­® 4 ≤ 2
√

x−2 ≤ 16, â. ¥.
2 ≤ √

x− 2 ≤ 4 ¨ x ∈ [6, 18].
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3. � ©¤¨â¥ à¥è¥­¨ï ãà ¢­¥­¨ï
cos x

cos 3x
− cos 5x

cos x
+ 8 sin x sin 3x = 0,

ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ã sin x ≥ 0.
�â¢¥â: πk, α + 2πk, π

2 ± α + 2πk, π − α + 2πk, k ∈ Z, α = 1
4 arccos

(−2
3

)
.

�¥è¥­¨¥: �à¨ ãá«®¢¨¨ cos 3x 6= 0 ãà ¢­¥­¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
1 + cos 2x

2
− 1

2
(cos 8x + cos 2x) = −8 sin x cos x sin 3x cos 3x = −2 sin 2x sin 6x.

�®£¤  1−cos 8x
2 = sin2 4x = cos 8x− cos 4x, â. ¥. 1− cos2 4x = 2 cos2 4x− 1− cos 4x, ¨

3 cos2 4x−cos 4x−2 = 0. �âáî¤  «¨¡® cos 4x = 1, «¨¡® cos 4x = −2
3 . �á«¨ cos 4x =

= 1, â® x = πn
2 . �à¨ n = 2k + 1 ¯®«ãç ¥¬ cos 3x = cos

(3π
2 + 3πk

)
= 0, â. ¥. íâ®

­¥ à¥è¥­¨ï. �à¨ n = 2k ¯®«ãç ¥¬ x = πk. �®£¤  sin x = 0 ¨ cos 3x = (−1)k 6= 0,
â. ¥. íâ® à¥è¥­¨ï. �á«¨ cos 4x = −2

3 , â® x = ±α + πn
2 , £¤¥ α = 1

4 arccos
(−2

3

)
=

= 1
4

(
π − arccos 2

3

)
. � ª ª ª π

3 = arccos 1
2 > arccos 2

3 , â® π
6 < α < π

4 . �á«¨ cos 3x = 0,
â® 3x = π

2 + πs = ±3α + 3πn
2 , â. ¥. 1 + 2s = ±6α

π + 3n. � ª ª ª 1 < 6α
π < 3

2 , â®
Z 63 ±6α

π = 1 + 2s − 3n ∈ Z | ¯à®â¨¢®à¥ç¨¥. �ãáâì n = 4k + m, £¤¥ k ∈ Z,  
m ¬®¦¥â ¯à¨­¨¬ âì æ¥«ë¥ §­ ç¥­¨ï 0, 1, 2, 3. �®£¤  x = ±α + πm

2 + 2πk. �à¨
m = 0 ¨¬¥¥¬ sin x = ± sin α ≥ 0 ¯à¨ x = α + 2πk. �à¨ m = 1 ¨¬¥¥¬ sin x =

= sin
(±α + π

2

)
= cos α ≥ 0, â. ¥. x = ±α + π

2 + 2πk | à¥è¥­¨ï. �à¨ m = 2

¨¬¥¥¬ sin x = sin(±α+π) = ∓ sin α ≥ 0 ¯à¨ x = −α+π +2πk. �à¨ m = 3 ¨¬¥¥¬
sin x = sin

(±α + 3π
2

)
= − cos α < 0, â. ¥. ­¥â à¥è¥­¨©.

4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
=

5

3
.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r = 7

4 , ρ =
√

15
4 , V = 6√

5
.
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�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =
√

9 + 3 =
√

12, â. ¥.
AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 5

3 . �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .
�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
A1A

′K ¨ BB′K ¨¬¥¥¬: A′K
B′K = 5

3 . �®£¤  A′K = 5t, B′K = 3t, A′B′ = A′K +B′K =

= 8t = 2, ®âªã¤  t = 1
4 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 − B′K = 1 − 3
4 = 1

4 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 1

16 = 49
16 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 49
16 . �â® ®§­ ç ¥â, çâ® P ′

| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r = 7
4 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =

√
3 + 1 = 2 = C ′D′ = P ′D′.

�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π
3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π

2 − π
3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 1

4 , 0
)
, −−→OK

(√
3, 1

4 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:
{

3 + 1
16 + z2 = 4,
1
2 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 1
16 =

√
15
4 | ¨áª®¬®¥ à ááâ®ï­¨¥,

  ¢ëá®â  ¯à¨§¬ë h = 2√
15

, â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3
√

3h = 6√
5
.

13
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������������, ����� II

5. �¥¤¨ ­ë AA1, BB1 ¨ CC1 âà¥ã£®«ì­¨ª  ABC ¯¥à¥á¥ª îâáï ¢ â®çª¥ O,   ¨å
¤«¨­ë à ¢­ë á®®â¢¥âáâ¢¥­­® 30, 24 ¨ 18. � ©¤¨â¥ ¯«®é ¤ì âà¥ã£®«ì­¨ª®¢ ABC

¨ AOC1,   â ª¦¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  AOC1.
�â¢¥â: 288, 48, 5

√
73

4 .
�¥è¥­¨¥: �ãáâì AA1 = mA = 30, BB1 = mB = 24, CC1 = mC = 18, AB = c,
BC = a, AC = b. �¬¥¥¬ à ¢¥­áâ¢ :

4m2
A + a2 = 2(b2 + c2), 4m2

B + b2 = 2(a2 + c2), 4m2
C + c2 = 2(a2 + b2).

�«®¦¨¢ íâ¨ à ¢¥­áâ¢ , ­ å®¤¨¬ a2 + b2 + c2 = 4
3(m

2
A + m2

B + m2
C) = 2400. �®£¤ 

4m2
C + c2 = 2(2400 − c2), ®âªã¤  c2 = 4800−4·18·18

3 = 1168 = 16 · 73, c = 4
√

73 =

= BC, AC1 = 2
√

73. � ª ª ª OC1 = 1
3CC1 = 6, OA = 2

3AA1 = 20, AC1 = 2
√

73,
â® ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ¨§ âà¥ã£®«ì­¨ª  AOC1 ¯®«ãç ¥¬ 292 = 400 + 36 −
− 240 cos ∠AOC1, ®âªã¤  cos ∠AOC1 = 144

240 = 3
5 . �«¥¤®¢ â¥«ì­®, sin ∠AOC1 = 4

5 ,
¨ ¯«®é ¤ì S1 âà¥ã£®«ì­¨ª  AOC1 à ¢­  6·20

2 · 4
5 = 48. �ãáâì S | ¯«®é ¤ì

âà¥ã£®«ì­¨ª  ABC,   S2 | ¯«®é ¤ì âà¥ã£®«ì­¨ª  AOB. �®£¤  S2 = 1
3S,   S1 =

= 1
2S2 = 1

6S. �«¥¤®¢ â¥«ì­®, S = 6S1 = 288. �ãáâì R1 | à ¤¨ãá ®ªàã¦­®áâ¨,
®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  AOC1. �®£¤  R1 = AC1

2 sin∠AOC1
= 5

√
73

4 .
6. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬ 





x2 + y2 + 17 ≤ 6
(
|x|+ |y|

)
,

x2 + y2 + 2x = a2 − 1

¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.
�â¢¥â:

√
13− 1 ≤ |a| ≤ 6.

�¥è¥­¨¥: � ¯¨è¥¬ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

(|x| − 3)2 + (|y| − 3)2 ≤ 1.

�â®¬ã ­¥à ¢¥­áâ¢ã ã¤®¢«¥â¢®àï¥â ¬­®¦¥áâ¢® E | ®¡ê¥¤¨­¥­¨¥ ç¥âëàñå ªàã£®¢
C1, C2, C3 ¨ C4 à ¤¨ãá  1 á æ¥­âà ¬¨ á®®â¢¥âáâ¢¥­­® ¢ â®çª å O1(3; 3), O2(−3; 3),

14



O3(3;−3) ¨ O4(−3;−3). � ¯¨è¥¬ ¢â®à®¥ à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

(x + 1)2 + y2 = a2.

�à¨ a 6= 0 íâ® ãà ¢­¥­¨¥ ®ªàã¦­®áâ¨ L á æ¥­âà®¬ ¢ â®çª¥ O(−1; 0) à ¤¨ãá  |a|.
�®¥¤¨­¨¬ â®çªã O ¨ â®çª¨ O1 ¨ O2 ¯àï¬ë¬¨ `1 ¨ `2. �ãáâì A1 ¨ B1 | â®çª¨
¯¥à¥á¥ç¥­¨ï `1 á ®ªàã¦­®áâìî L1 (á æ¥­âà®¬ O1 à ¤¨ãá  1),   A2 ¨ B2 | â®çª¨
¯¥à¥á¥ç¥­¨ï `2 á ®ªàã¦­®áâìî L2 (á æ¥­âà®¬ O2 à ¤¨ãá  1). �¬¥¥¬ OO1 = 5,
OO2 =

√
4 + 9 =

√
13, OA1 = 4, OB1 = 6, OA2 =

√
13 − 1, OB2 =

√
13 + 1. �à¨

4 ≤ |a| ≤ 6 ®ªàã¦­®áâì L ¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C1 ¨ C3,   ¯à¨
√

13 − 1 ≤
≤ |a| ≤ √

13 + 1 ®ªàã¦­®áâì L ¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C2 ¨ C4. �«¥¤®¢ â¥«ì­®,
á¨áâ¥¬  ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥, ¥á«¨ |a| ¯à¨­ ¤«¥¦¨â «¨¡® ®âà¥§ªã I1 =

= [4, 6], «¨¡® ®âà¥§ªã I2 =
[√

13− 1,
√

13 + 1
]
. � ª ª ª

√
13−1 < 4 <

√
13+1 < 6,

â® ®¡ê¥¤¨­¥­¨¥ ®âà¥§ª®¢ I1 ¨ I2 ¥áâì ®âà¥§®ª
[√

13− 1, 6
]
.

7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




x2 − y2 = −2x− 4y − 3z,

y2 − z2 = −x + 3y + 4z,

z2 − x2 = 3x− y − 5z.

�â¢¥â: (0; 0; 0), (−1; 2;−1),
(√

37−17
6 ; 1+

√
37

3 ;−1+
√

37
6

)
,

(
−
√

37+17
3 ; 1−√37

3 ;
√

37−1
6

)
.

�¥è¥­¨¥: �«®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç ¥¬ 0 = −2y − 4z, â. ¥. y = −2z.
�«®¦¨¢ ¯¥à¢®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï, ¯®«ãç¨¬ z2−y2 = x−5y−8z, ®âªã¤  ¢ á¨«ã
y = −2z ¯®«ãç ¥¬ −3z2 = x + 2z, â. ¥. x = −3z2 − 2z. �®¤áâ ¢«ïï íâ® ¢ âà¥âì¥
ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ z2−z2(3z+2)2 = −9z2−9z. �á«¨ z = 0, â® x = y =

= 0. �á«¨ z 6= 0, â® z−z(9z2+12z+4) = −9z−9, â. ¥. 3z3+4z2−2z−3 = 0. �®£¤ 
z = −1 ª®à¥­ì ãà ¢­¥­¨ï, ¨ (z + 1)(3z2 + z − 3) = 0. �«¥¤®¢ â¥«ì­®, ª®à­ï¬¨
ãà ¢­¥­¨ï â ª¦¥ ï¢«ïîâáï z = −1±√37

6 . �à¨ z = −1 ¯®«ãç ¥¬ x = −1 ¨ y = 2.
�à¨ z = −1+

√
37

6 ¯®«ãç ¥¬ x = −3z2−2z = −3z2−z+3−z−3 = −z−3 =
√

37−17
6 ,

y = 1+
√

37
3 . �à¨ z =

√
37−1
6 ¯®«ãç ¥¬ x = −z − 3 = −

√
37+17

6 , y = 1−√37
3 .
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1. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©
{

log2y−3(4y
2 − x2 − 8y − 4x + 1) = 2,

logx+1(x
2 + 4x− y + 11) = 2.

�â¢¥â: (8; 26).
�¥è¥­¨¥: �¬¥¥¬

{
4y2 − x2 − 8y − 4x + 1 = 4y2 − 12y + 9,

x2 + 4x− y + 11 = x2 + 2x + 1

¯à¨ ãá«®¢¨ïå 0 < 2y − 3 6= 1 ¨ 0 < x + 1 6= 1. �®«ãç ¥¬ −x2 − 4x = −4y + 8 ¨
−y = −2x−10. �«¥¤®¢ â¥«ì­®, −x2−4x = −8x−32, â. ¥. x2−4x−32 = 0. �®£¤ 
«¨¡® x = −4, ¨ ¢ íâ®¬ á«ãç ¥ x + 1 = −3 < 0, â. ¥. íâ® ­¥ à¥è¥­¨¥, «¨¡® x = 8,
  y = 2x + 10 = 26, ¨ ¢ íâ®¬ á«ãç ¥ 0 < x + 1 = 9 6= 1 ¨ 0 < 2y− 3 = 49 6= 1, â. ¥.
íâ® à¥è¥­¨¥.
2. �¥è¨â¥ ­¥à ¢¥­áâ¢®

∣∣∣4
√

x+3− 1
2 − 2

∣∣∣ +
10

3
≤ 4

√
x+3+ 3

2

3
− 16

√
x+3− 1

2 .

�â¢¥â: x ∈ [−11
4 ,−3

4

]
.

�¥è¥­¨¥: �¢¥¤ñ¬ ­®¢ãî ¯¥à¥¬¥­­ãî t = 4
√

x+3 ≥ 1 ¯à¨ x ≥ −3. �®£¤  ­¥à -
¢¥­áâ¢® ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

∣∣ t
2 − 2

∣∣ ≤ 8
3t − t2

4 − 10
3 . �ãáâì f(t) =

∣∣ t
2 − 2

∣∣, g(t) =

= 8
3t − t2

4 − 10
3 . �à ¢­¥­¨¥ f(t) = g(t) ¨¬¥¥â ¤¢  à¥è¥­¨ï t1 = 2 ¨ t2 = 8. �à¨

t = 0 < t1 ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(0) = 2 > g(0) = −10
3 . �«¥¤®¢ â¥«ì­®, f(t) > g(t)

¯à¨ ¢á¥å t < t1. �à¨ t = 10 > t2 ¨¬¥¥¬ ­¥à ¢¥­áâ¢® f(10) = 3 > g(10) = −5
3 .

�«¥¤®¢ â¥«ì­® f(t) > g(t) ¯à¨ ¢á¥å t > t2. � ª®­¥æ ¯à¨ t = 4 ∈ (t1, t2) ¨¬¥¥¬ ­¥-
à ¢¥­áâ¢® f (4) = 0 < g (4) = 10

3 . �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ f(t) < g(t) ¯à¨ ¢á¥å
t1 < t < t2. � ª¨¬ ®¡à §®¬, ¤ ­­®¥ ­¥à ¢¥­áâ¢® à ¢­®á¨«ì­® 2 ≤ 4

√
x+3 ≤ 8, â. ¥.

1
2 ≤

√
x + 3 ≤ 3

2 ¨ x ∈ [−11
4 ,−3

4

]
.
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3. � ©¤¨â¥ à¥è¥­¨ï ãà ¢­¥­¨ï
sin x

cos 3x
+

cos 5x

sin x
+ 4(sin 4x + sin 2x) + 8 cos x sin 3x = 0,

ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ã sin 3x < 0.
�â¢¥â: −α + 2πk, α + π + 2πk, k ∈ Z, ±α + 3π

2 + 2πk, α = 1
4 arccos 1−√7

3 .
�¥è¥­¨¥: �à¨ ãá«®¢¨ïå cos 3x 6= 0 ¨ sin x 6= 0 ãà ¢­¥­¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
1− cos 2x

2
+

cos 8x + cos 2x

2
+2(sin 4x+sin 2x)(sin 4x− sin 2x)+2 sin 2x sin 6x = 0.

�«¥¤®¢ â¥«ì­®, 1+cos 8x
2 +2(sin2 4x−sin2 2x)+cos 4x−cos 8x = 0. �âáî¤  ¯®«ãç ¥¬

cos2 4x + 2 − 2 cos2 4x + cos 4x − 1 + cos 4x − 2 cos2 4x + 1 = 0, â. ¥. á¯à ¢¥¤«¨-
¢® à ¢¥­áâ¢® 3 cos2 4x − 2 cos 4x − 2 = 0. �®£¤  «¨¡® cos 4x = 1+

√
7

3 > 1 | ­¥
¨¬¥¥â à¥è¥­¨©, «¨¡® cos 4x = 1−√7

3 , â. ¥. x = ±α + πn
2 , £¤¥ α = 1

4 arccos 1−√7
3 =

= 1
4

(
π − arccos

√
7−1
3

)
. � ª ª ª 1

2 <
√

7−1
3 , â® π

3 = arccos 1
2 > arccos

√
7−1
3 , ¨ ¯®íâ®¬ã

π
6 < α < π

4 . �á«¨ sin x = 0, â® x = πs = ±α + πn
2 . �«¥¤®¢ â¥«ì­®, 2s − n = ±2α

π .
� ª ª ª 1

3 < 2α
π < 1

2 , â® ¯®«ãç ¥¬ Z 3 2s−n = ±2α
π 6∈ Z | ¯à®â¨¢®à¥ç¨¥. �«¥¤®-

¢ â¥«ì­®, sin x 6= 0. �á«¨ cos 3x = 0, â® 3x = π
2 +πs = ±3α+ 3πn

2 . �«¥¤®¢ â¥«ì­®,
1 + 2s− 3n = ±6α

π . � ª ª ª 1 < 6α
π < 3

2 , â® ¯®«ãç ¥¬ Z 3 1 + 2s− 3n = ±6α
π 6∈ Z

| ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì­®, cos 3x 6= 0. �¬¥¥¬ x = ±α + πm
2 + 2πk, £¤¥

k ∈ Z,   m = 0, 1, 2, 3. �à¨ m = 0 ¨¬¥¥¬ sin 3x = ± sin 3α < 0 ¯à¨ x = −α + 2πk.
�à¨ m = 1 ¨¬¥¥¬ sin 3x = sin

(±3α + 3π
2

)
= − cos 3α > 0, â. ¥. ­¥â à¥è¥­¨©. �à¨

m = 2 ¨¬¥¥¬ sin 3x = sin(±3α + 3π) = ∓ sin 3α < 0 ¯à¨ x = α + π + 2πk. �à¨
m = 3 ¨¬¥¥¬ sin 3x = sin

(±3α + 9π
2

)
= cos 3α < 0, â. ¥. x = ±α + 3π

2 + 2πk |
à¥è¥­¨ï.
4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
= 4.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
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�â¢¥â: r = 2
√

21
5 , ρ = 4

5 , V = 9
√

3
2 .

�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =
√

9 + 3 =
√

12, â. ¥.
AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 4. �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .

�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
A1A

′K ¨ BB′K ¨¬¥¥¬: A′K
B′K = 4. �®£¤  A′K = 4t, B′K = t, A′B′ = A′K + B′K =

= 5t = 2, ®âªã¤  t = 2
5 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 − B′K = 1 − 2
5 = 3

5 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 9

25 = 84
25 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 84
25 . �â® ®§­ ç ¥â, çâ® P ′

| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r = 2
√

21
5 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =

√
3 + 1 = 2 = C ′D′ = P ′D′.

�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π
3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π

2 − π
3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 3

5 , 0
)
, −−→OK

(√
3, 3

5 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:
{

3 + 9
25 + z2 = 4,
6
5 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 9
25 = 4

5 | ¨áª®¬®¥ à ááâ®ï­¨¥,  
¢ëá®â  ¯à¨§¬ë h = 3

2 , â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3
√

3h = 9
√

3
2 .
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5. �¥¤¨ ­ë AA1, BB1 ¨ CC1 âà¥ã£®«ì­¨ª  ABC ¯¥à¥á¥ª îâáï ¢ â®çª¥ O,   ¨å
¤«¨­ë à ¢­ë á®®â¢¥âáâ¢¥­­® 18, 24 ¨ 30. � ©¤¨â¥ ¯«®é ¤ì âà¥ã£®«ì­¨ª®¢ ABC

¨ OA1C,   â ª¦¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  OA1C.
�â¢¥â: 288, 48, 5

√
73

4 .
�¥è¥­¨¥: �ãáâì AA1 = mA = 18, BB1 = mB = 24, CC1 = mC = 30, AB = c,
BC = a, AC = b. �¬¥¥¬ à ¢¥­áâ¢ :

4m2
A + a2 = 2(b2 + c2), 4m2

B + b2 = 2(a2 + c2), 4m2
C + c2 = 2(a2 + b2).

�«®¦¨¢ íâ¨ à ¢¥­áâ¢ , ­ å®¤¨¬ a2 + b2 + c2 = 4
3(m

2
A + m2

B + m2
C) = 2400. �®£¤ 

4m2
A + a2 = 2(2400 − a2), ®âªã¤  a2 = 4800−4·18·18

3 = 1168 = 16 · 73, a = 4
√

73 =

= BC, A1C = 2
√

73. � ª ª ª OA1 = 1
3AA1 = 6, OC = 2

3CC1 = 20, A1C = 2
√

73,
â® ¯® â¥®à¥¬¥ ª®á¨­ãá®¢ ¨§ âà¥ã£®«ì­¨ª  AOC1 ¯®«ãç ¥¬ 292 = 400 + 36 −
− 240 cos ∠COA1, ®âªã¤  cos ∠COA1 = 144

240 = 3
5 . �«¥¤®¢ â¥«ì­®, sin ∠COA1 = 4

5 ,
¨ ¯«®é ¤ì S1 âà¥ã£®«ì­¨ª  OA1C à ¢­  6·20

2 · 4
5 = 48. �ãáâì S | ¯«®é ¤ì

âà¥ã£®«ì­¨ª  ABC,   S2 | ¯«®é ¤ì âà¥ã£®«ì­¨ª  BOC. �®£¤  S2 = 1
3S,   S1 =

= 1
2S2 = 1

6S. �«¥¤®¢ â¥«ì­®, S = 6S1 = 288. �ãáâì R1 | à ¤¨ãá ®ªàã¦­®áâ¨,
®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  OA1C. �®£¤  R1 = A1C

2 sin∠COA1
= 5

√
73

4 .
6. � ©¤¨â¥ ¢á¥ §­ ç¥­¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå á¨áâ¥¬ 





x2 + y2 + 49 ≤ 10
(
|x|+ |y|

)
,

x2 + y2 − 4x = a2 − 4

¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.
�â¢¥â:

√
34− 1 ≤ |a| ≤ √

34 + 1 ¨«¨
√

74− 1 ≤ |a| ≤ √
74 + 1.

�¥è¥­¨¥: � ¯¨è¥¬ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

(|x| − 5)2 + (|y| − 5)2 ≤ 1.

�â®¬ã ­¥à ¢¥­áâ¢ã ã¤®¢«¥â¢®àï¥â ¬­®¦¥áâ¢® E | ®¡ê¥¤¨­¥­¨¥ ç¥âëàñå ªàã£®¢
C1, C2, C3 ¨ C4 à ¤¨ãá  1 á æ¥­âà ¬¨ á®®â¢¥âáâ¢¥­­® ¢ â®çª å O1(5; 5), O2(−5; 5),
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O3(5;−5) ¨ O4(−5;−5). � ¯¨è¥¬ ¢â®à®¥ à ¢¥­áâ¢® á¨áâ¥¬ë ¢ ¢¨¤¥

(x− 2)2 + y2 = a2.

�à¨ a 6= 0 íâ® ãà ¢­¥­¨¥ ®ªàã¦­®áâ¨ L á æ¥­âà®¬ ¢ â®çª¥ O(2; 0) à ¤¨ãá 
|a|. �®¥¤¨­¨¬ â®çªã O ¨ â®çª¨ O1 ¨ O2 ¯àï¬ë¬¨ `1 ¨ `2. �ãáâì A1 ¨ B1 |
â®çª¨ ¯¥à¥á¥ç¥­¨ï `1 á ®ªàã¦­®áâìî L1 (á æ¥­âà®¬ O1 à ¤¨ãá  1),   A2 ¨ B2

| â®çª¨ ¯¥à¥á¥ç¥­¨ï `2 á ®ªàã¦­®áâìî L2 (á æ¥­âà®¬ O2 à ¤¨ãá  1). �¬¥¥¬
OO1 =

√
9 + 25 =

√
34, OO2 =

√
49 + 25 =

√
74, OA1 =

√
34− 1, OB1 =

√
34 + 1,

OA2 =
√

74 − 1, OB2 =
√

74 + 1. �à¨
√

34 − 1 ≤ |a| ≤ √
34 + 1 ®ªàã¦­®áâì L

¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C1 ¨ C3,   ¯à¨
√

74 − 1 ≤ |a| ≤ √
74 + 1 ®ªàã¦­®áâì

L ¯¥à¥á¥ª ¥âáï á ªàã£ ¬¨ C2 ¨ C4. �«¥¤®¢ â¥«ì­®, á¨áâ¥¬  ¨¬¥¥â å®âï ¡ë ®¤­®
à¥è¥­¨¥, ¥á«¨ |a| ¯à¨­ ¤«¥¦¨â «¨¡® ®âà¥§ªã I1 =

[√
34− 1,

√
34 + 1

]
, «¨¡® ®â-

à¥§ªã I2 =
[√

74− 1,
√

74 + 1
]
. � ª ª ª

√
34 + 1 < 7 <

√
74− 1, â® ®âà¥§ª¨ I1 ¨

I2 ­¥ ¯¥à¥á¥ª îâáï.
7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





x2 − z2 = 2x− 3y + 4z,

z2 − y2 = x + 4y − 3z,

y2 − x2 = −3x− 5y + z.

�â¢¥â: (0; 0; 0), (1;−1;−2),
(

17−√37
6 ;−1+

√
37

6 ;−1+
√

37
3

)
,

(√
37+17

6 ;
√

37−1
6 ;

√
37−1
3

)
.

�¥è¥­¨¥: �«®¦¨¢ ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç ¥¬ 0 = −4y + 2z, â. ¥. z = 2y.
�«®¦¨¢ ¯¥à¢®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï, ¯®«ãç¨¬ y2 − z2 = −x − 8y + 5z, ®âªã¤  ¢
á¨«ã z = 2y ¯®«ãç ¥¬ −3y2 = −x+2y, â. ¥. x = 3y2+2y. �®¤áâ ¢«ïï íâ® ¢ âà¥âì¥
ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¯®«ãç ¥¬ y2−y2(3y+2)2 = −9y2−9y. �á«¨ y = 0, â® x = z =

= 0. �á«¨ y 6= 0, â® y−y(9y2+12y+4) = −9y−9, â. ¥. 3y3+4y2−2y−3 = 0. �®£¤ 
y = −1 ª®à¥­ì ãà ¢­¥­¨ï, ¨ (y + 1)(3y2 + y − 3) = 0. �«¥¤®¢ â¥«ì­®, ª®à­ï¬¨
ãà ¢­¥­¨ï â ª¦¥ ï¢«ïîâáï y = −1±√37

6 . �à¨ y = −1 ¯®«ãç ¥¬ x = 1 ¨ z = −2.
�à¨ y = −1+

√
37

6 ¯®«ãç ¥¬ x = 3y2 + 2y = 3y2 + y − 3 + y + 3 = y + 3 = 17−√37
6 ,

z = −1+
√

37
3 . �à¨ y =

√
37−1
6 ¯®«ãç ¥¬ x = y + 3 =

√
37+17

6 , z =
√

37−1
3 .
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